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1. Premises
  Glancing at any macroeconomic time series, data display a tendency to grow and some fluctuations around the trend.  It has already been shown (PEC11_11; PEC11_13) that cyclical fluctuations are not only volatile but also highly persistent.  Traditionally, trends are removed by a low order (first or second at most) deterministic polynomial (TS). Recently, it is much more popular using instead the HP (Hodrick-Prescott) filter that allows some change in the stochatic trend, provided changes are small and not too frequent.

 As an alternative, a macroeconomic time series can be made stationary by taking only first differences  (DS) which implicitely assumes (Nelson-Plosser, 1982) that trends are stochastic and reflect the accumulation of stochastic shocks  (PEC11_12). This approach is typical of   the ARIMA models and greatly contributed to the development of  the unit root econometrics (Hamilton, 1994) where Δyt ≡   yt - yt-1 =  yt - ρyt-1,  once ρ = 1.

  Graph 1 reports  Italy’s quarterly, seasonally adjusted, NIPA data  (1981Q1-2006Q3)  for household consumption and disposable income in real terms (ISTAT).
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Graph 1 - Household consumption (CP95) and disposable income in Italy (YD95)  

  The two series are about parallel around the pertinent fluctuations  that can be compared looking at the autocorrelations of the corresponding series in logs (LCP, LYD).  Comparing Graphs 1 and 2, it is immediate to note how persistence vary in the level (LCP e LYD) and in the differenced series (DLCP, DLYD).
  Referring to logs, the differenced series amount to percentage changes with respect to the previous quarter and are visibly stationary. Moreover there is a difference in volatility between income and consumption changes which conforms to standard consumption theories such as permanent income or life cycle models
: actually, consumption changes display a volatility  which is about 1/3 of  the disposable income changes

Graph 2 - Household consumption (DLCP) and disposable income (DLYD): % changes
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  Table 1 shows that both series are persistent in levels though consumption appears to be more persistent since its autocorrelation decays  more slowly. As expected, both series lose their persistence once they are differentiated tough consumption takes more time to decay.

Table 1. Autocorrelation functions: levels and first differeces
	ρ(k)
	LCP
	LYD
	DLCP
	DLYD

	1
	.974
	.951
	.179
	.223

	2
	.947
	.907
	.293
	.129

	3
	.920
	.863
	.247
	.205

	4
	.893
	.819
	-.034
	.081

	8
	.775
	.637
	.055
	-.012

	12
	.637
	.468
	.009
	-.057

	20
	.370
	.199
	-.283
	.016


2. Static estimate (long run)

  In a univariate ARMA or  ARIMA process, the relevant variable depends on its past AR(p) terms only and on a MA(q) sequence of independent and unobservable shocks. Nothing else enters the specification, the purpose of these models being  forecasting rather than explaining the process to be possibly predicted. This happens because forecasting does not require necessarily a priori knowledge, while  explaining needs by itself some causal intervention, i.e. that an external factor (X) somehow affects the Y variable to be predicted.

  If we estimate a possible causal relation  (X( Y) in static terms - i.e. assuming a contemporaneous relation between X and Y - we are also forcing the regression to move on the equilibrium path only, since  there are not fluctuations around the long-run pattern if dynamics is ignored.
  In this case, the relevant estimate will be:

(1) Yt  = a + bXt  + vt, 
whose disturbances vt  will be necessarily serially correlated since the dynamics, ignored in the specification, ultimately goes to the residuals.  Table 2  shows that things do not change estimating  (1) in logs since in this case too no dynamics is introduced:

(2) LCPt  = α + βLYDt  + ut..
  When Eq. 2 is estimated (Table 2),  the consumption/income elasticity is too high (1.8), exceeding the unit value in equilibrium. As far as the significance of  the parameters is concerned, the relevant t-statistics are upward biased because the non-white residuals downward bias the estimated variance.

	Table 2: LCP (1981:1-2006:2)

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.  

	
	
	
	
	

	
	
	
	
	

	C
	-5.753584
	0.435679
	-13.20603
	0.0000

	LYD
	1.831263
	0.065577
	27.92552
	0.0000

	
	
	
	
	

	
	
	
	
	

	R-squared
	0.886342
	    Mean dependent var
	6.412210

	Adjusted R-squared
	0.885206
	    S.D. dependent var
	0.144970

	S.E. of regression
	0.049118
	    Akaike info criterion
	-3.169773

	Sum squared resid
	0.241257
	    Schwarz criterion
	-3.118303

	Log likelihood
	163.6584
	    F-statistic
	779.8345

	Durbin-Watson stat
	0.069730
	    Prob(F-statistic)
	0.000000


 Actually, from Graph 3 it appears that predictions overestimate actual data in the first half of the sample while the opposite happens afterwards. This implies that the estimated residuals have a cyclical rather than a white noise pattern which is visible in the graph and formally tested by the low value of the Durbin-Watson statistics.

Graph 3: Fitted, actual data and residuals in Eq. 1
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2. First difference estimates (short run)
 To correct the Eq. 2 limits, it is convenient estimating the same log-relation in first differences.  More generally, the difference equation: 

(3)   ΔYt  = γ + βΔXt + et,

stems from a level equation which includes the deterministic trend T.  This implies a constant slope in the long-run growth path:

(4)   Yt  = α + βXt + γT + ut.
  Actually, first differencing both sides of (4), it is immediate to see that:
(5)  ΔYt ≡ Yt  - Yt-1   =  {[α + βXt + γT + ut]   - [α + βXt-1 + γ(T-1) + ut-1]}

                                  =  γ + βΔXt + et,

where  et  ≡  ut  - ut-1.  

  This implies that the γ intercept in (5) denotes the trend coefficient which is made explicit in Eq. (4). As Table 3 shows, the estimated constant (0.003655)  implies an average annual rate in the consumption growth of about 1.5%  ≈ (0.003655*4)*100:  a value which is close enough to the average consumption growth rate in the sample (1.8%). Moreover, the estimated residuals are about acceptable and this allows us to take seriously the significance tests on the estimated coefficients. 
	Table 3: Dependent Variable: DLCP  (1981:2-2006:2)


	
	
	
	
	

	
	
	
	
	

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.

	
	
	
	
	

	
	
	
	
	

	C
	0.003655
	0.000708
	5.165054
	0.0000

	DLYD
	0.260146
	0.091747
	2.835480
	0.0055

	
	
	
	
	

	
	
	
	
	

	R-squared
	0.075112
	Mean dependent var
	0.004456

	Adjusted R-squared
	0.065769
	S.D. dependent var
	0.006747

	S.E. of regression
	0.006521
	Akaike info criterion
	-7.207850

	Sum squared resid
	0.004210
	Schwarz criterion
	-7.156065

	Log likelihood
	365.9964
	F-statistic
	8.039947

	Durbin-Watson stat
	1.687836
	Prob(F-statistic)
	0.005548


  However, this estimate has two limits: the first is that the consumption response to the disposable income  is likely to be so small because of the endogeneity of the income variable that makes inconsistent the OLS estimate. The second limit is that estimating differenced implies that the long-run period vanishes because, in this case, ΔY= ΔX = 0.

Graph 4:  Fitted, actual data and residuals in Eq. 5 
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3. Joint Estimate of the Short and of the Long Run: the  ECM Model 

  In general terms,  the static equation (2) can be restated in a specification where dynamics is introduced entering lags both for the dependent variable (adjustment) and for the disposable income shocks: 
(6)  LCPt  = α + β0LYDt  + β1LYDt-1  + βpLYDt-p… + γ1LCPt-1  +  +… + γq LCPt-q +   ut,

where the ut disturbances are distributed as a white noise term once the proper lags are considered. 
  Dynamic stability also requires  fot the steady state existence:  
(7) γ1+ γ2+..+ γq < 1.
  Eq. (6)  is an ADL(p,q) autoregressive distributed lag process  whose dynamics is not known a priori so that the number of p and q lags must be estimated on the basis of the most parsimonious representation, i.e. of the minimum number of lags delivering white noise residuals.

   Assuming for convenience that this occurs in the simplest ADL(1,1) case, Eq. (6) can be estimated as:

(8)   LCPt  = μ + β0LYDt  + β1LYDt-1  +  γ1LCPt-1  +  ut.

  Reminding that steady state has no dynamics, this implies in our case:

(8.1)  LCPt  = LCPt-1 = LCP* , 

where starred variables denote consumption equilibriun values obtained after fully responding to the disposable income shocks.  Similarly, we have for the disposable income steady-state levels:

(8.2) LYDt  = LYDt-1 = LYD*.
  Steady state consumption is obtained applying to Eq. (8) the (8.1)-(8.2) conditions:

(9)    LCP* =  [μ /(1-γ1)] + [(β0 + β1)/ (1-γ1)] LYD*,

where the disturbance term is ignored assuming a deterministic steady state.

  Eq. (9) is the same than Eq. (2)  when:

(9.1)   α = [μ /(1-γ1)], 

(9.2)   β = [(β0 + β1)/ (1-γ1)].  

  Eq. (8) can be reformulated subtracting LCPt-1 from both sides and noting that the steady state condition (9.2) implies:
(9.3)    β1 = β(1-γ1) - β0. 

  Using little algebra and the (9.3) condition, Eq. (8) can be rewritten as: 

(10)     ΔLCPt  = μ + β0Δ LYDt  - (1- γ1)[LCPt-1 - β LYDt-1]  +  ut,

where the term in brackets [LCPt-1 - β LYDt-1] denotes the equilibrium adjustment process.

  Equation (10) describes an error correction mechanism  (ECM) which is widely used in dynamic econometrics  to evaluate in the same equation  the short and the long-run components (Hendry, 1995; Hamilton, 1994).  Namely, the short-run components are expressed in the differenced variables. Conversely, the (1- γ1) coefficient measures the adjustment velocity towards the  ECM equilibrium, holding - if any - in the long run. 
  Actually, solving this equation fot its long-run components, we immediately obtain:
(11)   LCPt  = [μ /(1-γ1)] +  β LYDt-1 +  [ut/(1-γ1)],

which matches exactly the expected steady-state solution in (9) or else the static equation (2) that now should be better understood as an implicit dynamic solution process.

  Empirically, it is preferrable estimating Eq. (10), separating the two ECM terms: both because this makes linear the estimate and unrestricted the pertinent  equation:
(12)    ΔLCPt  = μ + β0Δ LYDt  - (1- γ1)LCPt-1 + β(1- γ1) LYDt-1  +  ut,

where all parameters in the reduced-form equation are identified:

(13)    ΔLCPt  = δ1 + δ2Δ LYDt  + δ3LCPt-1+ δ4 LYDt-1  +  ut..
  This happens because all the estimated values  δi (i=1,.,4)  can be referred to the unknown structural parameters ( μ, β0, γ1, β)  through the following relations:

δ1=  μ , 

δ2 = β0,  

δ3 = -(1- γ1),  

δ4 = β(1- γ1).

This makes also measurable in a unique way the structural parameters, driving the identified model.

  A concrete application to Italy is reported in Table 4. This estimate is much more reliable and informative
 than the short and the long-run estimates, reported before.

The ECM estimates (see Table 4)  is far from being perfect, probably because its dynamics is not long enough to absorb all the shocks: the short-run consumption response  is probably too small and has the same value  (0.25) estimated in the difference equation (Table 3).      The ECM estimate provides extra information, confirming the permanent income consumption theory (Friedman, 1957) since the ratio between δ3 = -(1- γ1) = -0.014 and δ4 = β(1- γ1) = 0.014 parameters, implies a unit value of the long-run consumption/income elasticity (β = 1). This is also also consistent with the null value estimated for the intercept.

  The estimated residuals do not reveal a systematic component and make then reliable the estimated parameters. This corresponds also to an important development of the ECM mechanism which is due to Engle and Granger (1987): namely, if there is a long-run relation between two (or more) variables that separately are non-stationary (Graph 1), there is a cointegration relationship which implies the existence of a stationary combination between the relevant variables. 

                       Table 4 : ECM estimate of Italy’s consumption function (1981:1-2006:2)

	
	
	
	
	

	
	
	
	
	

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.  

	
	
	
	
	

	
	
	
	
	

	DLYD
	0.251262
	0.090963
	2.762232
	0.0069

	LCP(-1)
	-0.014155
	0.007968
	-1.776439
	0.0788

	LYD(-1)
	0.014216
	0.007694
	1.847538
	0.0677

	
	
	
	
	

	
	
	
	
	

	R-squared
	0.102524
	    Mean dependent var
	0.004456

	Adjusted R-squared
	0.084208
	    S.D. dependent var
	0.006747

	S.E. of regression
	0.006457
	    Akaike info criterion
	-7.218134

	Sum squared resid
	0.004086
	    Schwarz criterion
	-7.140457

	Log likelihood
	367.5158
	    Durbin-Watson stat
	1.713853


    The fact that is statistically significant the ECM [LCPt-1 - β LYDt-1]  term or its separate level components (LCP, LYD), implies that the two series are cointegrated, i.e. that it is possible to obtain a linear stationary combination between consumption and disposable income since both LCP*  and LYD* grow at the same rate, given that β = 1.

Graph 5:  Residuals, actual and fitted values in the ECM estimate
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  Regardless of the important econometric implications found for cointegrated variables (Sims-Stock-Watson, 1990)
, a major result of what has been discussed here is the achievement that the trend is not longer an exogenous statistical information but is the long-run response of any macroeconomic variable to the shocks stemming from other macroeconomic variables. This implies that the trend is a different word for denoting the growth process. In turn, this implies that growth theory is an important part of macroeoconomics and also a major determinant of business cycle fluctuations.  This is also relevant for shaping good macroeconomic policies.
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� Any good macroeconomics textbook can be more informative on this.


� Pearson’s coefficient of variation (cv = sd/average) measures  relative volatility since comparing variances (standard deviations) does not account for scale differences.  Similarly, the R2 is not a reliable indicator of the relative forecasting ability for equations whose left-hand side variable is not exactly the same (see: Goldberger, 1991, p.177).


� Granger’s test (Granger, 1969)  excludes by definition the possibility of accounting for contemporaneous causality, it being an assumption that cannot be tested in temporal systems. This is also why Granger’s  and the similar Sims’ (1972)  test are usually mentioned as econometric exogeneity tests.


� See on this any good, standard, econometrics textbook, such as Johnston and Di Nardo (1997).


� This tests applies only to the AR(1) case. More general cases are investigated by specific tests  (Ljung-Box, LM test etc). The DW test, however, is sufficient to show that residuals are serially correlated.


� This term is no longer necessary in a more modern approach where the non stationarity of Y stems from the non stationarity in X. 


� In Table 4, for convenience, DLYD = Δ LYD. The only difference with respect to the theoretical formulation (12)  is the elimination of the intercept since its estimate proved to be statistically zero.





� Estimates are iper-consistent and then need much less observations to reach their asymptotic values.
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