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ADVANCED  MICROECONOMICS,  NOVEMBER  2010
SUPPLEMENTARY HANDOUT FOR MODULE 1 (PETRI)
Contents of this Handout:

I) Program of Module 1 (taught by me)

II) Brief mathematical notes: calculus of functions of several variables, maximization, envelope theorem
III) Lecture on the supply-and-demand approach constrasted with the Classical approach 

Program of Module 1 (20 hours):
Optimization with equality and inequality constraints; Kuhn-Tucker theorem; convexity; second-order conditions and negative definite matrices; envelope theorem. 
Cost function, profit function, conditional factor demands; indirect utility function, expenditure function, compensated demands, Marshallian and Walrasian demands; Shephard’s Lemma, Roy’s Identity, Hotelling’s Lemma; use of concavity of cost function and of convexity of profit function to prove shapes of supply function and of factor demand functions; long-period average cost curve the envelope of short-period average cost curve; scale economies, local returns to scale; properties of homogeneous functions, product exhaustion theorem; elasticity of substitution; Cobb-Douglas and CES function; Slutsky matrix; Slutsky equation with given income, and with given endowments; duality, derivability of utility (or production) function from expenditure (or cost) function, integrability of demand function; equivalent variation, compensating variation, consumer surplus; Hicksian composite commodity theorem; Gorman aggregation of consumers; quasilinear utility. 
Edgeworth box and equilibrium in the Edgeworth box with the use of choice curves (offer curves). 
General equilibrium with production, Walras’Law, neoclassical theory of income distribution, derivation of decreasing demand curves for factors, role of consumer theory; contrast with classical approach, notion of long-period relative prices; problem of neoclassical general equilibrium theory with capital endowments.

Suggested readings: Varian, Intermediate Microeconomics, chapters on the consumer, the firm, and general equilibrium; Varian, Microeconomic Analysis 3rd ed. (1992), chs. 1 to 10 or Cowell, Microeconomics, chs. 2 to 5; Petri, “AdvMicroCourse HandoutPetri”, and relevant parts of  “Advanced Microeconomics Petri ch. 4” , downloadable from prof. Petri’s web page. At the end of the “Handout” there are some examples of possible exam questions. 

The exam is written and oral.  
The relevant parts of “Advanced Microeconomics Petri ch. 4” are the ones on the applications of the Envelope Theorem, duality, equivalent and compensating variation, goods aggregation and Gorman aggregation.
BRIEF MATHEMATICAL NOTES FOR ADVANCED MICROECONOMICS

These notes present in very intuitive, very concise terms some notions of mathematics necessary for the lectures, notions that will be presented rigorously in the Advanced Mathematics for Economics course, but that must be understood at least at an intuitive level in order to follow the lectures of this course. I suggest that these notes be integrated by reading the corresponding parts of Alpha C. Chiang, Fundamental Methods of Mathematical Economics (an Italian translation is also available). More advanced treatments are provided by the mathematical economics textbooks of Silberberg or Wade Hands. 
VECTORS AND MATRICES

You studied vectors and matrices and their geometric interpretations in the first mathematics course, I must assume you are familiar with them. I only remember:

(i) You must be familiar with the interpretation of a vector as a pointed arrow starting at the origin of the Cartesian axes and ending at the point with co-ordinates given by the vector; and with the ‘parallelogram rule’ for addition of vectors. If you do not clearly remember these notions, check them immediately on any maths book. In absence of other indications, vectors interpreted as matrices are to be interpreted as column vectors i.e. n×1 matrices. Sometimes it is useful to distinguish vectors from scalars (=single numbers) by using bold characters for vectors; sometimes I use this distinction and sometimes I don’t.
(ii) Matrix multiplication: remember that if A is an n×m matrix (that is, with n rows and m columns) then it can pre-multiply a matrix B only if B is an m×s matrix (that is, it must have as many rows as A has columns) and the result is an n×s matrix C=AB whose element cij is the dot product of the i-th row vector of A with the j-th column vector of B. AB and BA are both possible only if both are square matrices with the same number of rows (and of columns); in general AB≠BA. 

(iii) The dot product, or inner product, of two vectors x and y with the same number of elements is x∙y := ∑xiyi. In italiano, prodotto scalare (o interno). It doesn’t need a specification of the vectors as row or column vectors. If x is a row vector and y a column vector with the same number of elements, their interpretation as matrices allows their matrix multiplication xy, and their matrix product in this case is their dot product, it yields a scalar. But if x is a colum n-vector and y is a row n-vector, they can be interpreted as respectively an n×1 matrix and a 1×n matrix and their matrix multiplication xy generates an n×n matrix A with aij = xiyj. 

 (iv) Matrix representation and solution of a square system of linear equations. Suppose you have the system of three linear equations in three variables
a11x1+a12x2+a13x3 = b1
a21x1+a22x2+a23x3 = b2
a31x1+a32x2+a33x3 = b3.
Define A to be the matrix [aij], i,j=1,2,3, of coefficients of the above system; define x to be the column vector x:=(x1,x2,x3)T (T for transpose) of variables and b the column vector b:=(b1,b2,b3)T; then the system can be written more compactly as Ax=b. The inverse of an n×n matrix A is an n×n matrix indicated as A–1 such that AA–1=A–1A=I where I is the n×n identity matrix (it has all 1’s on the main diagonal and all zeros elsewhere; AI=IA=A; Ix=x). If one is given the inverse A–1 then the solution x can be found by pre-multiplying A–1 with both sides of Ax=b and obtaining  x=A–1b (because A–1Ax=Ix=x).
Hyperplanes and halfspaces. (May be skipped until you find you need it – this is when discussing duality.) The set {x(Rn: p∙x=m}, with vector p(Rn and m a scalar, defines a hyperplane (a straight line in R2, a plane in R3); {x(Rn: p∙x≥m} defines a halfspace limited by that hyperplane. 
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Fig. 4.19bis??. Projection tx of a vector y onto another vector x.

To understand which of the two halfspaces is thus defined, interpret a vector p in Rn as a pointed arrow from the origin to point p, that indicates a direction of movement; then I will show that the halfspace is the one reached by leaving the hyperplane in the direction of p. 
Let us first remember why a positive (respectively, negative) dot product of two vectors means that the vectors form an angle smaller (respectively, greater) than 90°. The Euclidean length of a vector x is ║x║=(x∙x)1/2 , hence ║x║2 = x∙x is the area of a square having vector x as its side. Let tx, with t an opportune scalar, be the projection of a vector y onto a vector x, cf. vector OB in Fig. 4.19bis. The vector d=y–tx is orthogonal to x (this is what defines tx as the projection of y onto x), and is parallel to segment AB and equal in length to it; OAB is a rectangular triangle and, letting θ indicate the angle between y and x, it is cos θ = ║tx║/║y║ = t║x║/║y║ = (t║x║║x║)/(║x║║y║) = t(x∙x)/(║x║║y║) = (x∙y)/(║x║║y║) because, by Pythagoras' theorem, ║tx║2+║y-tx║2 =║tx║2+║AB║2 =║y║2, that is, t2(x∙x)+y∙y–2t(x∙y)+t2(x∙x)=y∙y which simplifies to t(x∙x)=x∙y. Therefore x∙y = ║x║║y║ cos θ . Thus x∙y has the same sign as the cosine of the angle they form, and the cosine function is positive for acute angles, zero at 90°, and negative for obtuse angles between 90° and 180° – the angle formed by two vectors is by convention the smaller of the two angles they form. If x∙y=0 the two vectors are orthogonal.
Armed with this result, go back to our question, take any vector v such that p∙v=m and rewrite p∙x=m as p∙x=p∙v or p∙(x–v)=0, which means that p is orthogonal to x–v. Thus, given a vector p(Rn and a scalar m, the set {x} defined by p∙x=m is the hyperplane of dimension Rn-1 in Rn orthogonal to p and passing through a vector v such that p∙v=m. The vectors x’–v satisfying p∙(x’–v)>0 form with p an angle <90° (see Fig. 4.19ter??) and therefore the points x’ must be on the side of the hyperplane {x: p(x–v)=0, p∙v=m} reached by leaving the hyperplane in the direction of p. Fig. 4.19ter?? illustrates the case in R2, for p>>0: the halfspace (here a halfplane) corresponding to p∙x≥m is the one above the straight line p∙x=m. 
(intl. single)


 line of equation p∙x=m                                               p

or p∙(x-v)=0 where m=p∙v
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Fig. 4.19ter?? When x is on the straight line of equation p∙(x-v)=0 or p∙x=m where m=p∙v, then x-v is orthogonal to p; if p∙(x’–v)>0, then x’-v forms with p an angle less than 90°, so x’ is beyond that line in the direction of p. For a discussion of vector tp, whose length is the distance of the hyperplane p∙x=m from the origin, cf. footnote 1.
The illustration assumes m>0 as shown by the acute angle between p and v and therefore between p and any x on the hyperplane; if m is negative, it is p∙v<0 indicating an angle >90° between p and v (a possible v vector in this case would be the vector -v in Fig. 4.19ter??, the hyperplane would have the same slope but would go through -v), so the hyperplane is reached by travelling from the origin in a direction opposite that of p, but a vector x’–v satisfying p∙(x’–v)>0 still forms with p an angle <90° and therefore x’ is still on the side of the hyperplane reached by leaving it in the direction of p, check it by drawing this case.[
]

Exercise: If m<0, does the halfspace p∙x>m always include the origin?

CALCULUS

I assume the student has attended an Introductory Mathematics for Economists course and is familiar with: 
- what it means to solve a system of equations; 

- what is a function of a single variable, R→R; 

- how to represent graphically a function on a plane with Cartesian co-ordinates; 

- what is the derivative of a function of one variable, and its geometric interpretation as slope of the straight line tangent to the curve that represents the function;
- the rules of derivation of the main functions, of a function of function, of the product and of the quotient of two functions.
In a couple of occasions familiarity with the notion of definite integral will also be necessary, and with the rule that 
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  where F(x) is a primitive of f(x), that is, a function whose derivative is f(x).
No doubt the reader has already met the notions of convex set and of convex or concave function but let us repeat them because they are very important for economic theory. 

A convex set in Rn is a set such that for any two points belonging to the set, all points on the segment joining those two points belong to the set. Formally, if x and y are two points (or vectors) belonging to the set, all points z=αx+(1–α)y with 0≤α≤1 belong to the set. The reader is invited to check graphically with the parallelogram rule that if x and y are two vectors on a plane, the vectors z just defined trace the segment joining x and y. 

Convexity or concavity of a function requires determining the direction relative to which one wants to define these notions. In economics the dominant definition corresponds to ‘looked at from underneath’: a continuous function f(x) is concave between two points of its domain x’ and x” if its graph between these two points does not go below the segment joining f(x’) and f(x”), and is strictly concave if the graph is strictly above the segment, except of course at the two extreme points; formally, concavity means

(*)   f(αx’+(1-α)x”) ≥ αf(x’)+(1-α)f(x”) for 0≤α≤1.

Strict concavity obtains when the inequality is strict for 0<α<1. For example log x is strictly concave everywhere, -x2 too. If f(x) is concave, then –f(x) is convex: a strictly convex function has a graph which stays below a segment joining two points of the graph. x2 and ex are strictly convex functions. Formally a function is convex if in expression (*) above the inequality sign is ≤ instead of ≥. A function can be concave in some intervals and convex in other intervals, x3 or sin x are like that. A concave but not strictly concave function admits portions that are straight segments; the same holds for convex but not strictly convex functions; as a result, a straight line is both concave and convex. The distinction between concavity and strict concavity, or between convexity and strict convexity, is important, but economists are often a bit sloppy in their use of mathematical terminology, and they often speak of concave or convex functions meaning strictly concave or strictly convex functions, you must deduce it from the context.  
                   y=f(x)                                                            y=f(x)



                                           x                                                                 x

           a strictly concave function                                a strictly convex function
The differential. The derivative of y=f(x) is indicated in many different ways, e.g. f’(x), Df(x), df(x)/dx, dy/dx. The last two ways, much used in economics, represent the derivative as ratio between the differential of f(x) and the differential of x. Students sometimes have a deficient understanding of what the differential is, so I briefly remember the issue. The differential of a function y=f(x) is defined as 

dy ≡ df(x) ≡ f '(x)∙Δx, 

where f '(x) is the derivative of f(x), and Δx is a variation of x starting from the value of x where the derivative is determined. The differential therefore is only defined if f(x) has a derivative, and it is a function of two variables, x and Δx. But for x given, df(x) is directly proportional to Δx, so one can write df(x)/Δx = f’(x). Now, consider the function f(x)=x, called the identical function, and indicate its differential as dx; it is dx≡Δx because the derivative of f(x)=x is 1; therefore in the general definition of the differential we can replace Δx with dx obtaining 

dy ≡ df(x) ≡ f '(x)∙dx,

dy/dx ≡ df(x)/dx ≡ f '(x). 

This explains why the derivative of f(x) can also be written df(x)/dx or dy/dx.
                           y=f(x)                                   f(x)

                                  

                                                                      df(x)

                                                               dx

                                                          x°
Let us reach a more intuitive understanding of what is going on through a geometric interpretation. Let us determine the derivative and the differential of y=f(x) at x°. At the denominator of the fraction df(x°)/dx° there is a variation of x from x°, and at the numerator there is the variation of y corresponding to the given variation of x, but calculated not along the curve f(x) but instead along the straight line tangent to the curve f(x) in x°. The derivative measures the slope of the line tangent to the curve f(x), obviously if a tangent line exists. Given x°, the magnitude of dx determines the magnitude of df(x), but the ratio df(x)/dx does not change because it is simply the slope of the tangent line.

We can treat dx≡Δx and df(x) as variables on which one can operate algebraically: for example the limit, for Δx→0, of the ratio between proportional variation of f(x) and proportional variation of x that causes it, that is, the limit of 
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 = f '(x)∙x/f(x). This is the definition of the (point) elasticity of f(x).
Let us also quickly remember some other basic notions. The rules of operation with exponents: (xa)b=xab, x1/n=
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 , x-a =1/xa. Some rules of derivation:  
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ln x = 1/x;  
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1/x = -1/x2;  
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f-1(y) = 1/f’(x)  where f-1(y) is the inverse function of f(x); if z(x)=f(g(x)) resulting from z=f(y) and y=g(x), then dz/dx = f '(y)∙g'(x).[
]  

2. A function of several variables is a rule to pass from a vector of values of independent variables to a scalar value of the dependent variable. For example the volume of a parallelepiped is a function of three variables, length, width and height. Geometrically, a function of two variables z=f(x,y) if continuous is a surface in three-dimensional space: to each point (x,y) of the plane corresponding to the two horizontal Cartesian axes the function associates a point z=f(x,y) on the vertical axis, and thus a point of co-ordinates (x,y,f(x,y)) in space. It is very useful to have a geometric understanding of the behaviour of a function of two variables. Have a look at drawings of functions of two variables in mathematics textbooks. Below you see one such function, a cone, with some intersections of it with planes. Try visualizing z(x,y)= x–y, and z(x,y)=x2y2. Use the trick of deriving level curves – loci (x,y) such that z(x,y) is constant – to understand how the surface behaves, in analogy with the level curves of maps that indicate mountains and valleys. Then imagine the hill in a three-dimensional Cartesian reference system, and cut it with a vertical plane parallel to the x-axis: you obtain a curve that indicates how the height of the hill z(x,y) varies if you change x, while keeping y constant. Along this curve, z is a function of x alone; its slope is the partial derivative of z with respect to x, for the given value of y.    







                                                                            y
                                                             x
At this stage of your studies of economics very probably you are thoroughly familiar with functions of several variables and with partial derivatives. But sometimes the mathematics courses taught in the faculties of economics stop before arriving at notions which are very important for economics, so I provide a quick summary of these notions, just for intuition (refer to Alpha C. Chiang, Fundamental Methods of Mathematical Economics, for a still very easy but already a bit more complete treatment).  
First, partial derivation. Consider z(x,y) = 2x2y; if you fix the value of y, z becomes a function of x alone, for example for y=2 it is z=4x2; we can calculate the derivative of this function, which is 8x; if we had chosen a different value of y, for example y=1/2, we would have obtained a different derivative, 2x. Thus for each given value y* of y we can calculate the derivative of z with respect to x and it is called the partial derivative of z with respect to x and it is denoted  
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. In intuitive terms, it tells us by how much z varies if we change only x by one (small) unit. The rule for its determination is very simple, one applies the rules of derivation with y treated like a constant; thus 
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= 4xy*. Note that this functional form is valid whatever the value of y taken as fixed, so we have in fact found a function of two variables, 4xy, that gives us, at any point (x,y), the slope of the curve obtained by cutting the surface z=2x2y with a vertical plane parallel to the x-axis and going through (x,y). If the vertical plane is parallel to the y-axis, the curve we obtain tells us how z changes if we change y while keeping x constant, and its slope is called the partial derivative of z with respect to y; if z=2x2y, then 
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 = 2x, again the rule of partial derivation is that one treats the other variable like a constant. If there are more than two variables, all other variables are treated as constants. For example if y=f(x1,x2,x3) = x12x22+x13x33+x2x32, then  
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Marginal utilities and marginal products are the partial derivatives respectively of utility functions and of production functions. Find as an Exercise the partial derivatives of the Cobb-Douglas production function y=x1αx21-α (with 0<α<1); prove that it has constant returns to scale; also prove that the absolute value of the technical rate of substitution (ratio between the marginal products) is 
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, unaffected by proportional changes of both factors, which implies that isoquants are all radial expansions or contractions of any one of them (along any ray from the origin all isoquants have the same slope).
And since we are at it, let us prove that the property just found for the Cobb-Douglas production function – that the technical rate of substitution is constant along any ray from the origin – derives from the fact that if a production function has constant returns to scale then marginal products depend only on factor proportions, not on the scale of production. For simplicity I only consider functions of two variables but the argument is easily generalized. A function y=f(x1,x2) is said homogeneous of degree k if it satisfies the following property: 
f(tx1,tx2)=tkf(x1,x2) for all scalar t.

In words: if you multiply all independent variables by t, the value of the function is multiplied by tk. A production function with constant returns to scale is homogeneous of degree one. The result that interests us now is the following: if f(x1,x2) has partial derivatives and is homogeneous of degree k, then its partial derivatives are in turn homogeneous functions but of degree k–1. The proof is clearer if we indicate tx1 as x1*, and tx2 as x2*; we calculate the partial derivative with respect to x1 of both sides of f(tx1,tx2)=tkf(x1,x2): the result, by the rule of derivative of function of function, is:   
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and dividing both sides by t we obtain
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A constant-returns-to-scale production function is homogeneous of degree 1, so its marginal products are homogeneous of degree zero, that is, their value does not change at all if all inputs change in the same proportion. 
If f(x1,x2) is homogeneous of degree different from zero, only the ratio between partial derivatives is unaffected by proportional variations of all independent variables. This property also holds if f(x1,x2) is a homothetic function – that is, a monotonic transformation f(g), R→R, of a homogeneous function g(x1,x2) – because a monotonic transformation of a function does not alter the ratio between partial derivatives, as you can easily prove. Therefore homothetic functions too have the property that their level curves are all radial expansions of any one of them.
4. Given a continuous function f(x,y), if we impose that this function must be equal to zero, we obtain an equation which generally (under conditions that are generally satisfied in economic applications) obliges y to change if x changes. If for each value of x there is only one value of y such that f(x,y)=0, then we say that the equation f(x,y)=0 renders y a function of x defined implicitly by the equation f(x,y)=0; this function, let us indicate it as y=φ(x), is called an implicit function. For example if f(x,y)=ax+by-c with a, b, c given constants, then f(x,y)=0 means that it must be y=(c-ax)/b: this is the function y=φ(x) defined implicitly by ax+by-c=0. In this case it has been possible to make φ(x) explicit. This is not always possible; but even when it is possible, it is not necessary, if one only wants the derivative  dy/dx=φ'(x); this is because if f(x,y) has partial derivatives, there is a simple rule that yields φ’(x) directly from f(x,y). The rule is 


 
[image: image22.wmf]0

)

,

(

=

y

x

f

dx

dy

 = φ'(x) = 
[image: image23.wmf]y

y

x

f

x

y

x

f

¶

¶

¶

¶

-

/

)

,

(

/

)

,

(

 . 

(Memorize it! Notice carefully which partial derivative is at the numerator and which is at the denominator, and remember the minus sign.) We will clarify how it is arrived at when we discuss the differential.

Note that any function y=φ(x) can be put in the implicit form f(x,y)=0 by putting f(x,y) = y-φ(x) = 0; if the connection is of form g(x,y)=h(x,y), it can again be put in implicit form by writing g(x,y)-h(x,y)=0. In order to use the derivative rule for implicit functions, you must write the connection between y and x in the form f(x,y)=0. For example if the relationship that must be satisfied is xy=x+y2+2, in order to find dy/dx with the derivative rule for implicit functions you must first re-write the relationship as xy-x-y2-2=0. Example: assume the utility function is a generalized Cobb-Douglas, u=xαyβ, and set xαyβ=u° where u° is a given constant; this is the mathematical definition of an indifference curve, which is the graphical representation of the implicit function y=φ(x) defined by xαyβ=u°; to find dy/dx write xαyβ–u°=0 and apply the rule dy/dx = – (∂f/∂x)/(∂f/∂y) = – (αxα-1yβ)/ /(βxαyβ-1) = –
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, which is indeed the MRS of the generalized Cobb-Douglas utility function.
Note that the equation f(x,y)=0 does not necessarily generate an implicit function y=φ(x); there might be several values of y that satisfy the equation for a given value of x. For example x2+y2–c2=0 where c is a given constant, that is, x2+y2=c2, is the equation of a circumference with center in the origin of the Cartesian axes and radius c, and for each x such that x2<c2 there are two values of y that satisfy the equation; in order to have it generate an implicit function one must add the condition y>0. 

Exercise: assume x2+y2–c2=0, x>0, y>0, defines implicitly an inverse demand curve y=φ(x), where x is quantity demanded and y is price. Clearly it is the portion of the previous circumference in the positive quadrant. Use the derivative rule for implicit functions to prove that dy/dx = –x/y, dx/dy= –y/x, and use these to find the elasticity of demand. 

Consider now a function z=f(x,y). Take a given value z*; put f(x,y)=z*, that is, f(x,y)–z*=0. Interpret f(x,y) as a surface in three-dimensional space; the points of this surface that satisfy f(x,y)=z* are obtained by intersecting it with a horizontal plane at height z*. If the surface is continuous, one obtains a continuous curve called a level curve; for each different value of z* one obtains a different level curve. The projections of these curves on the horizontal plane z=0 (the plane with x and y as coordinates) yield a map of level curves which, the moment one is clear on the direction of passage to higher curves, gives a good idea of the behaviour of the surface with a drawing in two dimensions. Level curves are familiar from geographic maps, where they indicate sea depths and mountain heights. In economics, indifference curves, budget lines, isoquants, isocosts are level curves. The slope of a level curve can be obtained via the derivative rule for implicit functions.
The above was very elementary and most probably you knew it all already. Now we go to notions which are not generally taught in elementary mathematics courses for economists.

Let symbol x stand for a vector or point in Rn; given a function of several variables f(x)=f(x1,x2,...,xn) which has partial derivatives, one can associate to each point x in the domain of the function the vector of the partial derivatives of f in x. Indicate these partial derivatives as f1(x), f2(x),...,fn(x); the vector (f1(x), f2(x),...,fn(x)) is called gradient of f in x, and is generally indicated with the ‘upside triangle’ symbol (f(x). A graphical representation is easy with a function of two variables f(x1,x2); the gradient is then a vector in the plane (x1,x2), usually represented  as an oriented arrow with the origin in x, which is the diagonal of a rectangle with sides of length proportional to the two partial derivatives f1(x) and f2(x), and direction given by their signs. Thus the gradient points toward North-East if both partial derivatives are positive, toward South-East if f1>0 and f2<0, etcetera. Two very important properties of the gradient (I omit the proof) are:


(i) the gradient points in the direction of maximum speed of increase of f (the direction of maximum steepness of a hill upwards);

(ii) the gradient in x is orthogonal to the level curve through x.

Let us apply these two properties to indifference curves. Let u(x1,x2) be a utility function, take a given basket of goods x*=(x1*,x2*), and draw the indifference curve through x*: assume it is convex. If both marginal utilities are positive the gradient (f(x*) is an arrow pointing toward North-East in the direction that yields the maximum increase in utility for a small step of assigned length in the plane (x1,x2). 
intl sing char 12
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Draw a straight line through x* and orthogonal to the arrow representing (f(x*); since by property (ii) the indifference curve through x* is also orthogonal to (f(x*), the indifference curve and the straight line are tangent to each other; the slope of the straight line is the MRS in x*. If x* is the consumer optimum, the straight line is the budget line, which is therefore orthogonal to the gradient in x*. (It may seem that this adds nothing to consumer theory but in fact it is useful to understand the Kuhn-Tucker theorem that generalizes consumer choice theory admitting ‘corner solutions’.)

The gradient (f(x) of f(x)=f(x1,...,xn) has as elements the first partial derivatives of f(x), which are in their turn functions of x1,...,xn , so one can calculate their partial derivatives which are called second-order partial derivatives; there are n2 of them and they are indicated as  
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 where the second way of writing indicates that one is calculating the partial derivative with respect to xi of the first partial derivative ∂f/∂xj; when i=j, 
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  is more simply indicated as 
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. Sometimes for brevity one indicates second-order partial derivatives as fij(x). These second-order partial derivatives[
] can be arranged in an n×n matrix called Hessian matrix of f(x), which has fij=
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as its (i,j)-th element. Thus the j-th column of the Hessian of f(x) is the vector of partial derivatives (that is, the gradient) of ∂f/∂xj.
Let us now define another matrix of derivatives frequently used. Suppose we have s functions of n variables g(1)(x),...,g(k)(x),...,g(s)(x), all endowed with partial derivatives. Each function g(k)(x) has a gradient; the matrix with these s gradients as its rows is an s×n matrix called the Jacobian matrix of the vector of functions g. The Jacobian matrix is not necessarily square, the Hessian matrix is always square. 
Note that the Hessian matrix can be considered the (transpose of) the Jacobian matrix of the vector of the n functions ∂f/∂x1, ... , ∂f/∂xn, in other words, the (transpose of) the Jacobian of the gradient of f(x). Rigorously speaking, the Hessian is the transpose of this Jacobian because it has the vectors of gradients of ∂f/∂x1, ... , ∂f/∂xn as its columns; but an important result on second-order partial derivatives is that if f(x) has continuous second-order partial derivatives (the case normally assumed in economics) then fij=fji [
], hence its Hessian, being symmetric, coincides with its transpose, and then it can be seen directly as the Jacobian of the gradient of f(x). (This is useful for the ‘integrability’ of demand functions.) 
5. Consider a function of two variables z(x,y); we have seen that if continuous it can be seen as tracing a surface in three-dimensional space. Suppose this surface is ‘smooth’, i.e. has no sharp edges or corners, so that it is possible to find a unique plane tangent to any point of the surface; the function is then said differentiable (we cannot stop here on the precise definition of this notion[
]), and it has partial derivatives. Take a point (x,y) in the function’s domain; consider given variations dx of x and dy of y that take you from point (x, y) to point (x+dx, y+dy); the total differential dz is defined as the variation of z from z(x,y) defined by  

dz = dx
[image: image29.wmf]x

z

¶

¶

×

+ dy
[image: image30.wmf]y

z

¶

¶

×

. 

The total differential tells us the variation of z if, as one moves from (x,y) to (x+dx, y+dy), one calculates the change of z not along the actual surface corresponding to the function but rather along the plane tangent to the surface in the point z(x,y). For very small variations dx and dy the total differential gives a very good approximation to the actual variation of x because the surface almost coincides with the tangent plane, so the variation of z can be considered the sum of two variations, the first one due to the variation of x with y unchanged, and measured by dx
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, and the second due to the variation of y with x unchanged, and measured by dy
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Again dz, dx and dy can be manipulated algebraically and this allows reaching quickly several results. For example, the derivative rule for implicit functions: if it must be z(x,y)=0 then it must also be dz ≡ dx
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= 0, that is, the two variations of z caused by dx and by dy must neutralize each other, which can be re-written dy/dx =  
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 which is the derivative rule for implicit functions.

An important application is when one has a function z=z(x,y) and both x and y are functions of a third variable t, x=x(t), y=y(t), both differentiable with derivatives x'(t) and y'(t); then one may ask how z varies if t varies; z can be considered an indirect function of t; the derivative of this function z(t) is called the total derivative of z(x(t),y(t)) with respect to t, and it is indicated as dz(x(t),y(t))/dt or simply dz/dt; in order to determine it one simply notes that dx=x'(t)∙dt and dy=y'(t)∙dt; substituting into dz = dx
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 and dividing both sides by dt one obtains 
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The right-hand side is also written 
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 A special instance of total derivative is when t coincides with one of the two direct variables of z(x,y), e.g. t=x; then it is z=z(x,y(x)), and it is important to distinguish carefully  the total derivative dz(x,y(x))/dx from the partial derivative ∂z/∂x. In this case dz(x,y(x))/dx = 
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. For example if z(x,y)=x2+2y and y=ax3, it is ∂z/∂x=2x, dz/dx=2x+6ax2. This distinction will be useful below when we discuss cost minimization.
6. In economics often one must maximize or minimize something. I supply here the absolute minimum of notions on maximization. Consider a differentiable function of one variable y=f(x), which we want to maximize. If f(x*) is no smaller than any other value f(x) for x in the domain of f, then f(x*) is called a maximum value of f, x* maximizes f(x) and is called a point of maximization, or also a solution (not necessarily unique) of the problem of maximization of f(x). Clearly if for x=x* internal to the function’s domain[
] it is dy/dx>0, then it is possible to increase y by going to x*+ε, so x* cannot be a solution point; if it is dy/dx<x then it is possible to increase y by decreasing x, hence again f(x*) is not a maximum value. Hence a necessary condition for x* to be a solution is that in that point it is dy/dx=0. But this condition is not sufficient for a maximum, it only tells us that the curve f(x) has a horizontal tangent line at x*, but it could be a point of minimum or of inflexion; or it could be a point of local maximum but not of global maximum, because the function is locally concave at x* but then it becomes convex and reaches greater heights for other values of x. 
                                                     y
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                                                                                                                       f(x)

To maximize f(x) is the same as to minimize –f(x), and if df(x)/dx=0 then it is also d(-f(x)) /dx = 0, so condition dy/dx=0 does not distinguish between points of local maximum or local minimum and therefore it is also a necessary condition for a local minimum. If dy/dx=0 and the function is locally concave then it has a local maximum, if it is locally convex then it has a local minimum. If the function is everywhere strictly concave, then a local maximum is also a global maximum; it if it everywhere strictly convex, then a local minimum is also a global minimum. The concavity or convexity of a function in a point x* where dy/dx=0 is revealed by the sign of the second derivative: if this is negative, it means that the first derivative decreases as x increases, so dy/dx is positive for x a little to the left of x*, and dy/dx is negative for x a little to the right of x*, hence the function is increasing to the left of x* and decreasing to the right, hence it reaches a local maximum at x*. Analogous reasonings that I leave to the student show that if the sign of the second derivative is positive, then x* is a local minimum. The condition that the first derivative be zero is called the (necessary) first-order condition for a maximum or minimum; if it is satisfied, then the second-order condition (negative sign of the second derivative for a maximum, positive sign for a minimum) is sufficient for a local maximum or minimum. No easy condition is known for global maxima when the function is not everywhere concave (everywhere convex, for global minima): one must find all the local maxima and compare them, and then one must also find the values the function takes on the frontier of its domain: graphical analysis shows that a function of one variable with limited domain has a point of local maximum at the frontier if it decreases when one moves away from the frontier toward the interior of the domain (see the picture to understand what that means for the sign of the derivative – it’s easy). Careful: a maximum does not always exist. For example f(x)= log x is everywhere concave but does not have a maximum because it grows endlessly.   
Maximum points are not necessarily unique nor finite in number. For a constant function all points of its domain are solution points; without going to such extremes, it is still possible that a function may reach its maximum where it has a horizontal segment, then all points of its domain corresponding to that segment are solution points. 

7. To maximize without constraints a function of two variables y=f(x1,x2) one must find the point of maximum height of the surface generated by this function. If the function is continuous and ‘smooth’ (differentiable), the point of the surface of maximum height must have a horizontal plane tangent to it and the surface must be everywhere below this plane (or at most not above it – horizontal portions): the corresponding mathematical first-order necessary (but not sufficient) condition is that all partial derivatives be zero (otherwise there is a direction in which f increases). Analogously to the case of functions of one variable, this condition does not distinguish points of local maximum from points of local minimum, and it is only a local condition, unless the surface is everywhere concave (then a local maximum is also a global maximum) or everywhere convex (then a local minimum is also a global minimum). The second-order conditions are more complex but it is intuitive that a concave surface (like a cupola or dome) has a maximum where the tangent plane is horizontal, while a convex surface (like a net hanging from poles, or the interior surface of a fruit bowl) has a minimum where the tangent plane is horizontal. But to understand when a surface is concave or convex starting from the mathematical function that describes it, one must understand the expansion of a function in Taylor series. 

Expansion in Taylor series. Let us start with a differntiable function of one variable y=f(x), with derivative f’(x).  Consider a point x° and a displacement dx from it, dx = x–x°. We know that to express the variation dy of y caused by passing from x° to x°+dx as dy= f’(x°)dx is only an approximation to the true variation f(x)-f(x°). Let the error be indicated as e(x,x°). Then we can write:

f(x)–f(x°) = f’(x°)dx + e(x,x°).  

Using x=x°+dx this can be re-written as 

f(x°+dx)–f(x°) = f’(x°)(x–x°) + e(x°,dx) = f’(x°)dx + e(x°,dx).

Most mathematics texts prefer to use h in place of dx to indicate the displacement, thus: 

(†)    f(x°+h)–f(x°) = f’(x°)h + e(x°,h).

It can be proved that, as h tends to zero, if f(x) is differentiable then the error e(x°,h) tends to zero ‘more rapidly’ than h, that is,  limh→0 e(x°,h)/h=0. In other words the error as a percentage or proportion of the displacement can be made as small as one likes by sufficiently reducing h; note (see the Figure) that this would not happen if the straight line, whose divergence from f(x) generates the error, were not tangent to f(x) in x°. This is in fact the meaning of tangency.
                                                                       f(x)

                                                                            

                                                              

                                                               

                                                                x°

                                                           f(x°)+f’(x°)dx

Fig.  L‘errore come proporzione dello spostamento tende a zero per x→x° se calcolato lungo la retta tangente f(x°)+f’(x°)dx, se calcolato lungo una retta non tangente (ad es. quella in grassetto tratteggiata) tende invece a un limite positivo, quello determinato dall’errore rispetto alla retta tangente.

The importance of this fact is that, for sufficiently small displacements from x°, the sign of the variation of f(x) obtained from the differential indicates correctly the sign of the true variation of f(x), which is determined by the sign of the derivative (as long as the latter sign is different from zero) because the error is so small that it cannot alter that sign: for example, if in x° the function is increasing, then it remains increasing in a sufficiently small neighbourhood of x°, so in that neighbourhood the sign of its variation is correctly indicated by the sign of f’(x°)h; the sign of the error is irrelevant. This is useful to ascertain the local behaviour of the function. However, if in x° it is f’(x°)=0, then the sign of the variation of the function for displacements from x° is determined entirely by the sign of the error, and one must determine that sign. Thus when f’(x°)=0 the function is concave if the sign of the error is the opposite of the sign of h (i.e. negative when h>0): check by comparing with equation (†) above. To determine the sign of the error, one decomposes the error in smaller fractions tied to higher-order derivatives according to Taylor series expansion. I present it without proofs. Assume that f(x) is differentiable in x° n times. In what follows, f’’ is the second derivative, f’’’ the third derivative, f(k) the k-th derivative, ek(x°,h) is the error or Taylor’s residual corresponding to Taylor’s series developed up to the k-th derivative of f; and n! is n factorial, defined as n!= 1∙2∙3∙...∙(n-1)∙n (so that 1!=1, 2!=2, 3!=6, 4!=24, etc). Taylor proved that one can successively decompose the error as follows:

f(x) = f(x°+h) = f(x°) + f’(x°)h + e1(x°,h).

f(x) = f(x°+h) = f(x°) + f’(x°)h + f’’(x°)h2/2! + e2(x°,h).

f(x) = f(x°+h) = f(x°) + f’(x°)h + f’’(x°)h2/2! + f’’’(x°)h3/3! + e3(x°,h).

..............................................................................................................

 f(x) = f(x°+h) = f(x°) + 
[image: image45.wmf]å

=

°

n

1

k

k

(k)

/k!

)h

(x

f

 + en(x°,h).

To obtain the variation of f one must only move the term f(x°) to the left of the equality sign. Error ek(x°,h) is called the error of the Taylor series arrested at the k-th term (i.e. at the term where the k-th derivative appears. One has 

e1(x°,h) = f’’(x°)h2/2! + e2(x°,h); 

e2(x°,h) = f’’’(x°)h3/3! + e3(x°,h); 

and so on; and limh→0 ek(x°,h)/hk=0, that is, as h tends to zero the Taylor remainder tends to zero faster than hk. This means that for sufficiently small variations of x from x° the sign of e1(x°,h) is the same as the sign of f’’(x°)h2; this is not sufficient only when the second derivative is again zero, but in this case the sign of e1(x°,h) is the same as the sign of e2(x°,h) which, for sufficiently small variations of x from x°, is the same as the sign of f’’’(x°)h3 so again we can derive it from knowledge of the derivatives. (If necessary one might continue but except for highly exceptional cases it is not necessary to go beyond the sign of e2.) 

Let us then consider a function f(x) which has null first derivative in x°. For a local maximum the function must decrease both for increases and for decreases of x from x°, and the sign of its variation is the sign of e1(x°,h) which for sufficiently small h is the sign of f’’(x°)h2 i.e. of f’’(x°), hence negative if the second derivative is negative, QED.      

We move now to functions of more than one variable. If f(x) is a function of several variables (x is now a vector of variables), then the approximation df(x) to the true variation of f(x) caused by a vector of variations dx=(dx1,...,dxn) of the variables from the initial vector x° is the total differential plus an error:

f(x)–f(x°) =   f1dx1+...+fndxn + e1(x°,dx).
Now the displacement is determined by dx; expression f1dx1+...+fndxn ≡ 
[image: image46.wmf]å

=

n

1

i

i

i

dx

f

has the same role as f’(x°)h in the one-variable case; the role of h is taken here by ║dx║, the length of the displacement, and the basic limit result is that e(x°,dx)/ ║dx║ → 0 as the length of dx tends to zero. This can be reformulated as follow. Let us determine a direction of movement from x° through a vector of displacements dx* of length 1; we can obtain a displacement from x° in that direction of a length as small as we like by putting dx=h∙dx* and reducing h sufficiently; it is limh→0e(x°,dx*,h)/h=0. In other words, whichever direction of straight movement from x° is chosen, the error as a proportion of the length of the displacement can be made as small as one likes by reducing the length of the displacement. Hence, analogously to the one-variable case, for sufficiently small h the sign of the variation of f(x) is the same as the sign of the total differential df(x) ≡ 
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. But again this is valid only if the latter sign is different from zero, which is not the case at candidate points for maximization or minimization. If at x° all first partial derivatives are zero then df(x)=0, and the sign of the variation of f(x) for displacements from x° is the sign of the error, and to ascertain it we must have recourse to the second-order total differential. 

So far we have used the old total differential (now to be called first-order total differential) df(x) ≡ 
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to determine df(x°) once x° and the vector of displacements dx are assigned. But this total differential can be seen as defining, for each given vector dx, a function of x (that is, of x1, ..., xn) that determines df(x) as a function of x because x determines the values of the partial derivatives of f(x). On this interpretation we have a function of the n variables x1,...,xn (the displacements dx are on the contrary given) and if this function is differentiable (it must have partial derivatives, that is, f(x) must have second-order partial derivatives) its total diferential is called second-order total differential, indicated by d2f(x), and it is defined by:

d2f(x)  ≡ 
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Now the notion of Hessian matrix comes useful. You are asked to verify as an exercise that if we indicate as Hf(x) the Hessian matrix of f at x, then the second-order total differential can be represented as (dxT is the transpose of dx, which is treated here as a column vector, so dxT is a row vector): 

d2f(x) ≡ dxT∙Hf(x)∙dx.

This is a quadratic form[
]; matrix algebra teaches that sometimes the sign of a quadratic form xTAx, with A a square symmetric matrix and x a vector, does not depend on the vector x (as long as it is nonzero) but only on the nature of the matrix A. When a square symmetric matrix is negative definite[
] then the sign of the quadratic form is always negative; if it is negative semidefinite, the sign is nonpositive; if it is positive definite, the sign is always positive; if it is positive semidefinite, the sign is nonnegative. 

It can be proved that, in analogy with the one-variable case, one has
f(x)–f(x°) = df(x°) + 
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d2f(x°) + e2(x°,dx) = 
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+ 
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dxT∙Hf(x°)∙dx + e2(x°,dx).
Here too it can be proved that the error e2 tends to zero faster than the length of d2f(x°), and therefore if x° satisfies the first-order condition for a maximum and hence df(x°)=0, for a sufficiently small displacement the sign of the variation of f(x) is the same as the sign of d2f(x°); if the Hessian matrix is negative definite, the latter sign is negative for small displacements in any direction, so the surface is locally strictly concave and x° is a point of local maximum. In some economic problems of maximization, theoretical considerations allow conclusions on the nature of Hf(x) and this allows one to determine the points of maximum.
For an unconstrained local maximum at x* of a differentiable function u=f(x1,...,xn), assuming the first-order conditions are satisfied, the second-order sufficient condition for x* to be a (local) maximum is that the function be locally concave at x*, i.e. that for small displacements from x* in any direction it be f(x)≤f(x*), a condition that in the two-variables case means that the graph of the function does not go above the horizontal plane tangent to the function at x*. The variation of f(x) in the direction represented by variations dx1,...,dxn of the variables is given, to a first approximation, by df=f1dx1+...+fndxn, which equals 0 at x* if the first-order conditions are satisfied; but it is the residue that determines how f(x) changes as one moves away from x*, so let us consider the Taylor series expansion of f around x* extended to the second term (for brevity 
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f(x) – f(x*) = 
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For x sufficiently close to x* the further terms of the Taylor expansion cannot alter the sign of f(x) – f(x*) so we can neglect them; the first term is zero because of the first-order necessary conditions; so we can be certain that x* is a local maximum if the second term is negative[
], which we can re-write as
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If f(∙) is twice continuously differentiable, its Hessian matrix [fij] is symmetric, and dxT∙[fij]∙dx is a quadratic form; this quadratic form is <0 if the Hessian matrix is negative definite, that is, if it has principal minors that alternate in sign, starting negative. Then f(x) is strictly concave at x*[
]. 

But cases of maximization without constraint are not very frequent in economics, much more frequent is maximization or minimization under some constraint on the variability of the independent variables. One then speaks of constrained maximum or minimum problem. The constraint can be of several types. 
For example let C=wxx+wyy be the production cost to be minimized, a function of the quantities employed of two inputs x and y which cost wx and wy; this minimization, which is equivalent to 
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(–C), if it were without constraints would be solved by not producing at all; but the problem makes sense when there is a constraint that one must produce (at least) a certain quantity Q* of output. Assuming a production function Q=f(x,y) we have the problem:


[image: image57.wmf]y

x

,

max

 (–C)  subject to the constraint f(x,y)=Q*. 

The constraint renders y an implicit function of x, let us write y=y(x); thus cost minimization requires to find the point (x,y) that minimizes C only among the points (x,y(x)). Replacing y with y(x) in the function that determines C we obtain an unconstrained maximum problem where C depends only (directly and indirectly) on x, C(x,y(x)), and (for internal solutions) if the maximand function is differentiable the first-order necessary condition is that the total derivative dC/dx be zero. It is d(–C)/dx = –dC/dx = –[∂C/∂x+(∂C/∂y∙dy/dx)]; since C=(wxx+wyy(x)), it is ∂C/∂x=wx, ∂C/∂y=wy, and it is unnecessary to have the explicit function y(x) because we only need its derivative, and from the derivative rule for implicit functions: dy/dx = 
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= – MPx/MPy . The first-order condition then is –[wx–w2MP1/MP2] = 0  which can be re-written as wx/wy = MPx/MPy. This is the well-known condition of tangency between isoquant and isocost.
We have thus seen a first method to solve constrained maximization problems: in the maximand function one replaces as many variables as possible with the implicit functions, derived from the constraints, that render them functions of the other variables, and in this way one reduces the problem to an unconstrained one. 
8. But as long as the solution is internal, the necessary first-order conditions for a constrained maximum of a differentiable function f(x1,x2) under the differentiable constraint g(x1,x2)=0 (for simplicity I only consider this case) can also be obtained from the conditions for unconstrained maximization of a special function, called Lagrangian function, associated with the constrained maximization problem. This function is composed as follows (where λ is a scalar to be determined, called Lagrange multiplier):

L  = f(x1,x2) + λg(x1,x2).

The three first-order necessary conditions for a maximum of this Lagrangian function are that the three partial derivatives with respect to x1, x2, λ be zero. The first two are
∂L  / ∂x1 ≡ ∂f/∂x1+λ∂g/∂x1 = 0

∂L  / ∂x2 ≡ ∂f/∂x2+λ∂g/∂x2 = 0.

Move to the right of the equality sign the second term in each of them, then divide the first equality by the second so as to eliminate λ; one obtains: 
(*)    
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The third condition, ∂L  / ∂λ, yields again the constraint: 

(**)   g(x1,x2)=0. 

One obtains a system of two equations, which generally permits the determination of the two variables x1 and x2. 

Note that if the constraint is not in implicit form (that is, with only zero on the right-hand side), it must be put in that form before being deprived of the =0 part and introduced into the Lagrangian function. 
Exercise: solve the cost minimization problem with the Lagrangian function method, assuming an interior solution.
Kuhn-Tucker, Envelope Theorem, and second-order conditions

4.9.3. Now let us characterize the first-order conditions for an optimum while admitting the possibility of corner solutions. The following theorem is on necessary conditions for maximization of a function under inequality and equality constraints. A constraint gi(x)≥0 is said slack at x* if gi(x*)>0, it is said binding at x* if gi(x*)=0. The ‘constraint qualification condition’ mentioned in the theorem is a condition on the constraints that avoids that the constraints restrict ‘too much’ the admissible set of values of the instruments, for example restricting it to be a single point, so as to deprive the search for an optimum of practical significance; we will not enter into a detailed description of the nature of this constraint or of the assumptions that guarantee that it is satisfied (these are discussed in more advanced mathematical treatments of optimization), because in economic problems it is generally satisfied; in a footnote we indicate one of these assumptions. 

FACT 4.7. Kuhn-Tucker theorem.  A necessary condition for  x*(Rn+  to be a solution to


max f(x) 


subject to   gi(x)≥0, i=1,...,k,   and to   hs(x)=0, s=k+1,...,m, 
(where f(x), gi(x), hi(x) are differentiable functions Rn → R), assuming the constraint qualification condition is satisfied at x*[
], is that there exist scalars (i, i=1,...,k, and scalars (s, s=k+1,...,m, called ‘Lagrange multipliers’, such that

(i) 
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 , where all (i, i=1,...,k, are ≥ 0 (on the contrary, the sign of (s, s=k+1,...,m,  is not a priori determined)[
]   

(ii)  (igi(x*) = 0, i=1,...,k,     i.e. if  gi(x*) > 0 then  (i =0 , and if (i > 0 then gi(x*) = 0 .  

The function f(x) + ∑iλigi(x) + ∑sλshs(x) whose partial derivatives are set equal to zero in (i) is the Lagrangian function, or simply the Lagrangian, of the constrained maximization problem. 
A minimization problem should be turned into a maximization problem by multiplying the objective function by –1, then the necessary conditions are those indicated above. The inequality constraints should be written such that they have the form (function)≥0; for example if one constraint is x1≤0, it must be put in the form –x1≥0. Each equality constraint hs(x)=0 might be equivalently replaced with two inequality constraints, hs(x) ≥ 0 and –hs(x) ≥ 0. 
Conditions (ii), which only concern the inequality constraints, are called complementary slackness conditions. They imply that if the i-th inequality constraint is not satisfied as an equality at the optimum, i.e. if it is ‘slack’ (= not binding), then the corresponding Lagrange multiplier is zero (note that it is not excluded that (i = 0 and gi(x*) = 0 hold simultaneously). This often yields useful information on the characteristics of the solution, and one example is precisely the utility maximization problem, which as we now show is less simple than we have made it appear so far. 

4.9.4. In the Utility Maximization Problem (UMP) with given income m, the budget constraint is not the only constraint: there is also the condition x(X, with X the consumption set. For simplicity let X=Rn+. Then the condition x(X means xi ≥ 0, i=1,...,n , which yields n inequality constraints xi ≥ 0. We know that under local non-satiation the budget constraint is satisfied as an equality, but this result too should come out of utility maximization, so let the budget constraint be the (n+1)-th inequality constraint in the form m−px ≥ 0; then there are no equality constraints. We assume local nonsatiation and m>0, p>>0. The constraint qualification condition is satisfied[
], and the first-order Kuhn-Tucker conditions are (I leave the writing of the Lagrangian to the reader):

(*)   ∂u/∂xi* – λn+1pi + (i = 0,   i = 1,...,n , where (1,..., (n, λn+1 ≥ 0;  

(**)   (i = 0  if  xi* > 0,  i = 1,...,n; and  λn+1=0  if   m-px > 0.

Thus for goods demanded in positive amount it is 
(***) MUi = (n+1pi ; 

hence if xi* > 0, xj* > 0 we obtain the standard result 


– MRSij ≡ MUi/MUj = pi/pj . 

For each good i demanded in positive amount, (***) implies (n+1=MUi/pi>0 unless the marginal utility of all goods demanded is zero: this is excluded by local non-satiation(
), which also implies that at least one good is demanded in positive amount, otherwise it would be m–px>0 and the last complementary slackness condition would imply that (n+1=MUi/pi=0 i.e. all marginal utilities of goods would be zero contradicting local nonsatiation; thus we have proved (i) that the marginal utility of income or of money (measured precisely by λn+1) is positive and (ii) that all income is spent (otherwise it could not be λn+1>0). If xi=0 there are two possibilities: λi=0 and λi>0; in the second case MUi = (n+1pi – (i indicates that the marginal utility of the first small unit of money spent on the purchase of the i-th good, MUi/pi, is less than the marginal utility of the last unit of money spent on the goods demanded in positive amount, i.e. we are at a proper corner solution; if λi=0 we are in the fluke case of Fig. 4.12b.  
4.9.5. Some further (intuitive) considerations on the nature of the Kuhn-Tucker conditions can help intuition, and can help connect our enunciation of the theorem with other ones that are equivalent but may look quite different to the newcomer.

Consider a single-equality-constrained maximization problem, for simplicity with only two goods x1 and x2; let the objective function be f(x1,x2), and let the equality constraint be g(x1,x2)=0. For brevity I will also indicate with x the vector (x1,x2) so the functions become f(x), g(x). Let x2=φ(x1) be the implicit function defined by the constraint. The objective function can be reformulated as f(x1,φ(x1)), a function of one variable to be maximized without constraint. For brevity let us indicate the partial derivatives as f1, f2, g1, g2. The first-order condition is 

f1+f2∙(–g1/g2)=0,  which can be rewritten as 

f1/f2=g1/g2. 

If one defines the new variable λ as follows: f1/g1 = f2/g2 = – λ, this condition can be rewritten as the two conditions 

f1 = –λg1, or f1+λg1 = 0
f2 = –λg2, or f2+λg2 = 0.
Now consider the Lagrangian function associated with this problem in the Kuhn-Tucker theorem,

L  = f(x1,x2) + λg(x1,x2).

The  three  first-order conditions for an unconstrained maximum of this function are that the partial derivatives relative to x1, x2 and λ be zero. The first two are

∂L  / ∂x1 ≡ f1+λg1 = 0

∂L  / ∂x2 ≡ f2+λg2 = 0.

These are the conditions we have already found, which imply f1/f2=g1/g2. The third first-order condition yields the constraint again: 

∂L  / ∂λ ≡ g(x1,x2) = 0.

This equation plus the equation f1/f2=g1/g2 is a system of two equations that generally allows solving for the values of x1 and x2. Since there is no inequality constraint, the complementary slackness conditions are irrelevant. This shows that the standard use of the Lagrangian function to find the first-order necessary conditions for a maximum with equality constraints is just a special case of the Kuhn-Tucker theorem. 

The meaning of λ is important. Let x* be the solution of the maximization problem. Rewrite the constraint as g(x)+α=0, which is equivalent to g(x)=0 when α=0. How do x* and f(x*) change as α changes?  

For this we need the Envelope Theorem.

The value function (also called maximum value function or indirect objective function) associated with a problem of free or constrained maximization is the scalar function that indicates how the maximum value of the objective function f(∙), i.e. its value associated with the solution of the maximization problem, varies with variations in the values of parameters entering f and/or the constraints (if there are constraints). An example of parameter is income m in the Marshallian UMP. Let these parameters be a1,...,ak, and let M(a1,...,ak)  be the value function. The Envelope Theorem concerns the partial derivatives ∂M/∂aj, if these exist, assuming the constraints are equality constraints. The last condition only means that, in case there are inequality constraints, only the binding ones (whose Lagrange multipliers are not zero) must be considered. The Envelope Theorem states the following:

FACT 4.9. Envelope Theorem. Let f(x1,...,xn,a1,...,ak) be the differentiable objective function (a scalar function) of a maximization problem without constraints or with equality constraints; let g(x,a1,...,ak)=0 be a differentiable vector function of equality constraints g(1)(x,a),..., g(h)(x,a); let (x*,(*) be a solution of the maximization problem, a solution dependent on the vector a=(a1,...,ak) of parameters and representable therefore as (x*(a)=x*(a1,...,ak), (*=(*(a1,...,ak)); and let M(a)≡f(x*(a1,...,ak)) be the corresponding value of the value function. If a parameter aj is changed, then generally x* changes and the value of M changes with it, and it is 
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The meaning of this theorem is best grasped if one assumes that there are no constraints, in which case its result becomes
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In words, the effect on M of a very small variation of aj is only the direct effect of the variation of aj on f; there is no indirect effect due to the variation of x* induced by the variation of aj; the reason being that at a solution point the variation of f induced by a small variation of x is nil, because all partial derivatives are zero. With constraints, the effect on M is only the direct effect on the Lagrangian: again there are no indirect effects due to the variation of x*.
Let us sketch a simple proof of the theorem. Consider first the case of unconstrained maximization with one parameter. Define 
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  stands for the solution of  
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 , solution in general dipending on the value of a . Assuming f is differentiable, differentiating both sides with respect to a we get:
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because from the first-order conditions for a maximum one gets 
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Now let us consider constrained maximization, and if there are are inequality constraints let us only consider the binding constraints. Assume for simplicity a single constraint. Define
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The Lagrangian function is   
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[image: image72.wmf]i

i

x

g

x

f

¶

¶

l

-

=

¶

¶

 to obtain:


[image: image73.wmf](

)

(

)

(

)

(

)

(

)

a

f

da

dx

x

g

a

a

,

a

x

f

da

dx

x

a

,

a

x

f

da

a

dM

n

1

i

*

i

i

*

n

1

i

*

i

i

*

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

×

¶

¶

l

-

=

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

×

¶

¶

=

å

å

=

=


But the variation of x* must continue to satisfy g(x,a)=0, and what this implies is ascertained by differentiating the constraint 
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The result is easily generalized to multiple constraints. If M depends on several parameters, M(a1,...,ak), then the sole difference is that, if for example we consider the first parameter, we get (M(a1,...,ak)/(a1 =  (f/(a1 + ((g/(a1; with severalconstraints g(s)(x,a), one has (M(a1,...,ak)/(a1 =  (f/(a1 + (s(s(g(s)/(a1.                         ■

Suppose in particular that the parameter appears only in the constraint, and in the form g(x)=h(x)+a=0. Then ∂f/∂a=0, ∂g/∂a=1. Hence dM(a)/da = λ. This has the following interpretation: any constraint g(x)=0 can be interpreted as in fact meaning g(x)+a=0 with a set at zero; thus even when there appears no additive parameter a in the constraint, the derivative dM/da can be calculated and it coincides with λ. Let us for example consider the UMP with the balanced budget constraint p1x1+p2x2=m. Let us rewrite it as m–p1x1–p2x2+a=0. Here an increase of a from zero means a relaxation of the constraint (the admissible region of values of x becomes larger), that permits an increase of utility, and in fact the first-order conditions derived from the Lagrangian u(x)+λ(m–p1x1–p2x2) yield λ=MU1/p1=MU2/p2>0. Had we written the budget constraint as p1x1+p2x2–m+a=0, an increase of a from zero would have meant a more rigid constraint (a reduction of the admissible region) and λ would have been negative. The Lagrange multiplier indicates therefore the derivative of the value function with respect to an additive parameter a introduced in the constraint, calculated in a=0. If the increase of a means an enlargement of the admissible region that permits a higher value of the objective function, λ is positive. The Lagrange multiplier expresses therefore the sensitivity  of the value function to changes in the restrictiveness of the constraint. It is zero when small relaxations of the constraint do not alter the maximized value of f(x).  

What changes if there are inequality constraints, g(x1,x2)≥0 and also x1≥0, x2≥0 ? Let us analyze a case similar to utility maximization. Let the Lagrangian be

L  = f(x1,x2) + λ0g(x1,x2) + λ1x1 + λ2x2.

Let x2=φ(x1) be the implicit function defined by the constraint holding as an equality, g(x1,x2)=0; for illustration purposes, assume that φ’<0 and that g1<0, g2<0 so φ(x1) is a decreasing function and if g(x1,x2)>0 then x2<φ(x1).[
]

Let x*=(x1*,x2*)T be the solution. It can only be inside the grey area of Fig. ?? or on an edge. There are the following possibilities: x* is at a point like point B where no constraint is binding; x* is at a point where only one constraint is binding, e.g. point A where g(x)=0, or point C where x2=0; x* is at a point like point D where two constraints are binding. 

If, like at point B, it is g(x*)>0, x1*>0, x2*>0, then moving from x* in any direction f(x) does not increase, so this is an unconstrained maximum, with hindsight we see that in order to determine it correctly the first-order conditions must be the same as without the constraints, this is obtained by leaving only f(x) in the Lagrangian through setting λ0=λ1=λ2=0.  

If, like at point A, it is g(x*)=0, x1*>0, x2*>0, then x* is on the curve x2=φ(x1), the constraints x1≥0, x2≥0 can be neglected, so with hindsight we see that the problem is correctly solved as a maximization problem with the single equality constraint g(x)=0, so the Lagrangian must be f(x)–λ0g(x) which is obtained by setting λ1=λ2=0, and we have examined this case already. 

intl sing 12pt
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Graphically we see that at A there must be tangency between the contour of f(x) and the x2=φ(x1) curve; the gradient of g(x) at x* must point to the South-West because it is orthogonal to φ(x1) which we have assumed to be a decreasing function, and the gradient points in the direction of fastest increase of g(x); the gradient of f(x) at x* is co-linear but in the opposite direction (see the two arrows at point A), so it must point to the North-East implying f1>0, f2>0, hence f1/g1<0 so by the definition of the Lagrange multiplier with a single equality constraint (see above) it is λ0>0, as stated by the Kuhn-Tucker theorem. The Lagrange multiplier of the constraint is positive when the gradient of the objective function and the gradient of the constraint point in opposite directions, which must be the case if the constraint is binding, otherwise it would be possible to shift x in a direction that still satisfies the constraint but increases the value of the objective function. 

If, like at point C, it is g(x)>0, x1>0, x2=0, then only the third constraint is relevant, and with hindsight we see that the other two should  not appear in the Lagrangian (hence λ0=λ1=0); the sole equality constraint to appear in the Lagrangian must be ψ(x1,x2)≡x2=0; the contour of f(x) at C must be tangent to the abscissa, and the gradient must be pointing vertically downwards, so f1(x*)=0, f2(x*)<0, while the gradient of the constraint[
] points in the opposite direction, so again f2/ψ2<0 and by the definition of the Lagrange multiplier with a single equality constraint it is λ2>0. 

There remains the case of more than one constraint binding simultaneously, like at point D, a vertex of the admissible region, where only the constraint x1≥0 is slack. The graphical illustration makes it clear that in this case f(x)’s contour through x* can have various slopes; two possible slopes with the corresponding gradients are shown in the left-hand figure, the right-hand Figure enlarges the picture and shows that any gradient of f(x*) pointing in the arc limited by the two gradients opposite the gradients of the binding constraints at D is admissible.  Contours corresponding to the two extreme admissible gradients of f(x*) are also shown in the right-hand Figure and they show that, except when the gradient is an extreme one, relaxing a little bit either constraint (that is, shifting the φ(x1) curve to the right, or shifting downwards the horizontal line indicating the lowest admissible value of x2) would allow reaching higher values of f(x). Only if the contour is the red one will a lowering of the x2 boundary leave x* unchanged; only if the contour is the blue one will a rightwards shift of the g(x) boundary leave x* unchanged. Since the Envelope Theorem shows that the Lagrange multipliers indicate the effect on the maximum value of the objective function of a relaxation of the respective constraints, if the contour is the red one it will be λ0>0, λ2=0, if the contour is the blue one it will be λ0=0, λ2>0.  For all other slopes of the gradient of f(x) at D both multipliers will be positive. 

Note that in all these cases the gradient of f(x*) can be expressed as a linear combination of the gradients of the binding constraints (multiplied by negative scalars), except in one case: this is the case where x* is at a point like D and φ(x1) has slope zero there (like the green dotted curve in the right-hand Figure). Then the gradients of the two binding constraints are co-linear and pointing in opposite direction. This is the exception where the constraint qualification condition is violated, and at x* condition (i) of the Kuhn-Tucker theorem does not hold.
§4.10. Second-order conditions

4.10.1. The first-order Kuhn-Tucker conditions are necessary for a solution to represent a point of maximum utility, but not sufficient; for example, in the two-goods case if indifference curves are strictly concave an interior point x*>>0 satisfying both the budget constraint and the condition MRS12 ≡ – MU1/MU2 = – p1/p2 satisfies the Kuhn-Tucker conditions but does not represent a point of maximum utility (cf. Fig. 4.11bis(a)). For those conditions to locate a local maximum, we need additional conditions (called second-order conditions) guaranteeing that a small movement from x* in any admissible direction (i.e. in any direction that does not violate the constraints) does not increase utility. Under local nonsatiation, we can restrict ourselves to movements along the budget constraint because we have demonstrated that optimal solutions are on the budget constraint. In this book we will not need an in-depth knowledge of second-order conditions, so our discussion here will be intuitive. 

It is easy to see graphically that in the two-goods case the second-order conditions must express the fact that, in a neighbourhood of x*, along the budget constraint no higher indifference curve is reached than the one through x*, and, if neither good is a 'bad', this will be the case if the indifference curve through x* never goes below the budget line. If x* is interior, this is guaranteed if the indifference curve tangent to the budget line in x* is convex. For this we need that the utility function is quasiconcave. This generalizes to the n-goods case:

FACT 4.8. If the utility function is quasiconcave, monotonic, and with marginal utilities everywhere positive, and the budget set is convex, then the Kuhn-Tucker first-order conditions are sufficient for a global maximum. 

If the utility function is not quasiconcave, then if it is locally quasiconcave at x* and the first-order conditions are satisfied, x* is a local maximum.

No easy sufficient conditions for x* to be a global or even a local maximum are available if indifference curves are not convex i.e. if the utility function is not quasiconcave. 
Note that, since the utility function is ordinal and it represents the same preferences if we change it via an increasing monotonic transformation, a quasiconcave but not concave utility function can generally be made concave by a transformation that causes it to increase at a sufficiently slower pace: if u=x1x2, then U=u1/2 is concave and V=u1/4 is strictly concave. Thus at least for the utility maximization problem we can assume that the objective function is concave; and the usual budget constraint is of the form a-g(x)≥0 where g(x) is a convex function; then we need not worry about second-order conditions because we can utilize the following Fact:

Differentiable concave programming theorem. Consider the concave programming problem

maxx f(x)  s.t.  a1-g1(x) ≥0, ..., ak-gk(x) ≥0, and x≥0

with f(x) concave and differentiable and g1(x),...,gk(x) all convex[
] and differentiable; then the necessary conditions (i) and (ii) of the Kuhn-Tucker theorem are necessary and sufficient for x* to be a global maximum; if f is strictly concave, x* is unique.

Anyway ascertaining whether the second-order conditions hold at a point that satisfies the Kuhn-Tucker first-order conditions is generally unnecessary because the form of the utility function (or of the production function) is generally specified in advance, both in theoretical exercises and in attempts at empirical estimation, so one knows in advance whether the utility function is quasiconcave or not. However, for completeness we remember some mathematical essentials of second-order sufficient conditions for a maximum. 

For an unconstrained local maximum at x* of a differentiable function u=f(x1,...,xn), assuming the first-order conditions are satisfied, the second-order sufficient condition for x* to be a (local) maximum is that the function be locally concave at x*, in other words that for small displacements from x* in any direction it is f(x)≤f(x*), a condition that in the two-variables case means that the graph of the function does not go above the horizontal plane tangent to the function at x*. The variation of f(x) in the direction represented by variations dx1,...,dxn of the variables is given, to a first approximation, by df=f1dx1+...+fndxn, which equals 0 at x* if the first-order conditions are satisfied; but it is the residue that determines how f(x) changes as one moves away from x*, so let us consider the Taylor series expansion of f around x* extended to the second term (for brevity 
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For x sufficiently close to x* the further terms of the Taylor expansion cannot alter the sign of f(x) – f(x*) so we can neglect them; the first term is zero because of the first-order necessary conditions; so we can be certain that x* is a local maximum if the second term is negative[
], which we can re-write as
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If f(∙) is twice continuously differentiable, its Hessian matrix [fij] is symmetric, and dxT∙[fij]∙dx is a quadratic form; this quadratic form is <0 if the Hessian matrix is negative definite, that is, if it has principal minors that alternate in sign, starting negative. Then f(x) is strictly concave at x*[
]. 

For a constrained maximum at x* of f(x) subject to a single equality constraint g(x)=0 (the case of greater usefulness in microeconomics), in addition to the first-order conditions (null partial derivatives of the Lagrangian) one needs (necessary condition) that f(x) does not increase for displacements from x* in the directions compatible with the constraint; a sufficient condition is that, under the same condition, it decreases. (For example, consider utility maximization under local nonsatiation, subject to the budget constraint formulated as an equality, in the two-goods case: utility is a surface in R2, and for a certainty of maximum in x* utility must decrease as one moves away from x* along the budget line: then the point u(x) moves along the intersection of the utility surface with the vertical plane passing through  the budget line, cf. Fig. 4.15.) 
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                                  u(x*)                                                intersection of the u(x) surface with
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                                                                                           line: it must have a maximum at x*,
                                                                                           point of tangency of indifference 
                                                                                           curve and budget line
                              O                                                          x2
                                                        x*             indifference curve

                                                    budget line

                                          x1
                                              Fig. 4.15
The second-order condition sufficient for a maximum is therefore: 


d2f(x*) < 0  for all (dx1,...,dxn) not all zero and such that the constraint g(x)=0 is satisfied, that is, such that ∑i(dxi∙∂g(x)/∂xi)=0.

That under the same assumptions it is d2f(x*)≤0 is only a necessary, not a sufficient condition for a maximum. If there are several equality constraints, the sufficient condition is d2f(x*)<0 when all constraints are simultaneously satisfied by the direction in which one moves from x*. This condition can be expressed (I omit the proof) in terms similar to the case of no constraints, if one replaces the Hessian of the objective function with the bordered Hessian matrix of the Lagrangian, that is, the matrix of second-order partial derivatives of the Lagrangian considered as a function of the variables and of the multipliers. For concreteness let us consider a case with three choice variables and two constraints. Let the Lagrangian be L:=f(x1,x2,x3)+λg(x1,x2,x3)+μh(x1,x2,x3), and let its second-order partial derivatives be indicated as Lij, i,j=λ,μ,1,2,3; for example Lμ2=
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. The bordered Hessian consists of the Hessian matrix of the Lagrangian (the matrix of second derivatives of the Lagrangian with respect to the choice variables), ‘bordered’ by row vectors Lλj , Lμj (j=λ,μ,1,2,3) and by column vectors Liλ, Lih (i=λ,μ,1,2,3) that are in fact simply the transposes of those row vectors, as follows:
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 It is an easy exercise to show that the border terms are indeed as shown by the right-hand matrix. The bordered Hessian matrix is therefore composed of four submatrices; on the main diagonal there is a square matrix of zeros of dimension equal to the number of constraints, and a square matrix [Lij] which is the Hessian of the Lagrangian with respect to the choice variables, with typical element 
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; above this Hessian there is the Jacobian of the constraints; and to the left of the same Hessian there is the transpose of that Jacobian. The second-order condition sufficient for x* to be a maximum is the following:

Let n be the number of choice variables and let k be the number of equality constraints. Neglect the first 2k naturally ordered (or leading) principal minors; the last n–k naturally ordered principal minors of the bordered Hessian must alternate in sign, starting from (–1)k+1.[
]

In other words, one must neglect the first 2k North-West principal minors, and the signs of the other ones must alternate, starting with positive if the constraints are odd in number, with negative if the constraints are even in number: in the case shown above with three variables and two constraints, the only relevant principal minor is the last one which coincides with the determinant of the entire bordered Hessian; it must be negative because there are two constraints. 

When the constraints are inequality constraints, and the necessary first-order Kuhn-Tucker conditions are satisfied at x*, the second-order sufficient condition for a local maximum remains the same, except that the constraints to take into account are only the ones binding at x*; this is because (in a sufficiently small neighbourhood of x*) the slack contraints pose no limitation to the possible directions of movement away from x*.

4.10.2. Let us illustrate by applying the above to the problem of maximizing utility in the two-goods case. Assuming an interior solution, there is only one principal minor to consider, the determinant of the entire 3×3 bordered Hessian. The first-order necessary conditions are:

L1 = f1–λp1 = 0

L2 = f2–λp2 = 0

Lλ = g(x) = m–p1x1–p2x2 = 0.[
] 
The second-order sufficient condition is that the determinant of the bordered Hessian be positive, that is, remembering that f21=f12, it must be 

2p1p2f12–p12f22–p22f11>0. 

At first this may seem unhelpful because it seems to depend on prices, but it can be reduced to a condition entirely on the shape of f(x) by using the first-order conditions: these allow replacing p1 with f1/λ and p2 with f2/λ, obtaining λ2 at the denominator of all terms; this denominator can be eliminated without altering the inequality sign by multiplying both sides by λ2; alternatively, remember that monotonic increasing transformations of the utility function represent the same preferences, and with an opportune transformation of u(∙) it is always possible to make λ=1 (if it is not zero). The expression we arrive at, more often written as:

[#]   f11f22–2f12f1f2+f22f12<0

is a way to characterize strictly quasiconcave functions of two variables when these are twice continuously differentiable. Assume f(x1,x2) is an increasing strictly quasiconcave function: its level curves are strictly convex, so if at x* one considers the straight line tangent to the level curve through x*, then moving in either direction along this line, which means dx2/dx1 = –f1/f2 and f1(x*)dx1+f2(x*)dx2=0, one crosses level curves corresponding to lower and lower values of f(x). This requires that, as one keeps moving away from x* along that line, the variation df, which is zero at x*, becomes negative[
]; so it must be d2f<0. From d2f=f11dx12+2f12dx1dx2+f22dx22<0 and from the constraint that it must be dx2/dx1 = –f1/f2 it is easy to arrive at expression [#].     

The Cobb-Douglas utility function. The elasticity of substitution.

The standard Cobb-Douglas utility function has the form u(x1,...,xn)=x1(x2(·...·xnν where the exponents (, (,...,ν are all non-negative and their sum is 1. A monotonic increasing transformation of this function is its logarithm; the logarithmic form of the Cobb-Douglas is U(x1,...,xn)=( ln x1 + ( ln x2 +...+ ν ln xn. Utility is positive only if all goods are positive, but this will be the case as long as all prices are positive, because marginal rates of substitution can take any positive value; indifference curves are asymptotic to the axes. The generalized Cobb-Douglas has the same form but with the sum of the exponents different from 1. As a utility function, a generalized Cobb-Douglas can alway be transformed into a standard one representing the same preferences by dividing the exponents by their sum; therefore here we restrict attention to the standard form. 

In the two-goods case, u= x1(x21-(, 1>(>0, it is easy to derive the demand functions. Preferences are monotonic (as long as x1,x2>>0) therefore the budget constraint holds as strict equality. The condition MRS1,2 = – p1/p2 implies

 (        x2           p1
––– · ––– = –––

1–(     x1       p2
which can be re-written as p1x1/(p2x2)=( / (1–().

This means that ( and 1–( are the shares of income going to purchase x1, respectively x2.(
) The share of expenditure going to each good does not change if prices change. Therefore the Marshallian demand functions are 

x1=(m/p1,  x2=(1–()m/p2. 

They are only defined for nonzero prices. With a given income, the Cobb-Douglas demand for a good whose price tends to zero tends to +∞.

If income is not given but derives from given endowments ω1, ω2, then one must replace m with p1ω1+p2ω2. Then demands only depend on relative prices. This has an interesting implication. Suppose the endowment consists only of good 1. Then m=p1ω1 and x1=(ω1, i.e. the demand for good 1 is constant as long as p1/p2>0. If we let p1/p2→0, lim x1=(ω1, but this limit does not coincide with what happens if p2 is given and p1 actually becomes zero. Without loss of generality, suppose p2=1 and let p1 tend to zero. The demand for good 2 is given by x2=(1–()ω1p1 and it tends to zero as p1 tends to zero. When p1=0, the consumer has no income so she cannot buy good 2 but then her utility is zero whatever quantity she demands of good 1, hence her demand for good 1 is indeterminate. 

Not the least reason why the Cobb-Douglas function is used so much in textbook examples is that with it certain complications cannot happen. First, as long as all prices are positive, demand is always positive: however high the price of a good may become, demand for it never becomes zero, so there never are 'corner solutions' (of course, assuming perfect divisibility). Second (although this is to anticipate, see §4.15), demand for a good is never an increasing function of the good’s price, not even when income derives from given endowments and the good is in positive supply. (Exercise to be done after studying §4.15: Prove this last property by deriving the Cobb-Douglas demand functions when income derives from given endowments, and calculating their own-price derivative.) For example, labour supply cannot be backward-bending. These properties avoid complications in modelling, but to avoid those complications by assumption is only legitimate if one has good reasons to justify excluding them a priori, and this is not often the case.

Another special property of the Cobb-Douglas utility function concerns its elasticity of substitution, a notion originally invented for the study of production, but also applicable to utility functions. The elasticity of substitution σ12 between two consumption goods x1 and x2 in a two-goods utility function(
) is defined as the negative of the elasticity of the ratio x1/x2 in which the two goods are demanded, with respect to  |MRS| ≡ MU1/MU2. The latter ratio can be replaced by p1/p2, if |MRS|=p1/p2 because of utility maximization. For discrete variations of MRS it is[
]:

σ12:= – 
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For infinitesimal variations one obtains

(12 ( − [d(x1/x2)/(x1/x2)]/[d(MU1/MU2)/(MU1/MU2)] = −[d(x1/x2)/d(p1/p2)]/[(p1/p2)/(x1/x2)] . 

The usefulness of the notion is that it connects variations in relative prices with variations in the share of income going to each good[
]. An elasticity of substitution greater than 1 means that, if p1/p2 increases, inducing some substitution of good 2 for good 1 in demand, then x1/x2 decreases by a greater percentage, so (p1x1)/(p2x2) decreases: when a good becomes relatively more expensive, its share in expenditure decreases, increases or remains unchanged according as the elasticity of substitution is greater than, smaller than, or equal to, unity.
As mentioned in Chapter 3, if we have a differentiable function y=f(x) with y,x>0 then the point elasticity (dy/y)/(dx/x) is identical with the logarithmic derivative d(ln y)/d(ln x). The logarithmic derivative is one way to find the elasticity of substitution of a Cobb-Douglas utility function u(x1,x2)=x1αx2β . For this function, it is |MRS|=MU1/MU2=
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. Putting for simplicity x1/x2=X one calculates σ12 = –
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 = 1. The Cobb-Douglas utility function has a unitary elasticity of substitution[
] both in its standard and in its generalized versions. (You should have guessed it in advance, because we saw that the share of income going to each good is constant, and this must mean an elasticity of substitution constant and equal to 1.)

Exercise: Derive the Cobb-Douglas expenditure function. (Hint: from the first-order conditions for expenditure minimization derive x1/x2=(α/β)p2/p1; from this and the constraint x1αx2β=u derive by substitution x1 and x2 as functions of p1, p2 and u; substitute into x1p1+x2p2.) 

4.12.4. The CES utility function

The two-goods Constant-Elasticity-of-Substitution utility function is  


u(x1,x2) = (a1x1ϱ+a2x2ϱ)1/ϱ. 

with a1, a2 positive, and ρ≤1 and different from zero. The name derives from the fact that the elasticity of substitution is constant, and given by σ = 1/(1–ϱ), as we now prove. The |MRS| is given by (a1/a2)∙(x1/x2)ϱ-1. Hence putting x1/x2=z we obtain z=|MRS|1/(ρ-1)(a1/a2)1/(1-ρ) and thus
σ = −(dz/d|MRS|) · (|MRS|/z) = − 1/(ϱ−1) = 1/(1−ϱ). 

It follows that ϱ = (σ–1)/σ and therefore another way to write a CES function is 

  (a1x1(σ–1)/σ + a2x2(σ–1)/σ)σ/(σ–1).

The CES function is homogeneous of degree 1: the proof is left to the reader.

As one lets ϱ vary, the CES approaches other well-known types of utility functions. As ϱ decreases, the elasticity of substitution decreases too. For ϱ tending to 1 from below, the elasticity of substitution tends to +∞. If one sets ϱ=1, one obtains the separable additive utility function of perfect substitutes, u = a1x1 + a2x2. 

For ϱ=0 the CES function is not defined, but if one lets ϱ tend to 0, and if a1+a2=1, the CES tends in the limit to have indifference curves identical to those of a Cobb-Douglas. Consider the MRS and let ϱ tend to zero: the MRS tends to –a2x2/(a1x1) which is the same as for the Cobb-Douglas function x1αx2β when α=a2 and β=a1.

For ϱ tending to –∞ the indifference curves approach the L-shaped indifference curves of the case of perfect complementarity[
]. Indeed the MRS tends to –(a1x1/(a2x2))-∞ = –(a2x2/(a1x1))∞ whose absolute value is +∞ if x2>a1x1/a2, is zero if the opposite inequality holds; thus indifference curves tend to become L-shaped, with the corners on the straight line through the origin x2= a1x1/a2.

The CES Marshallian demand functions are derived as usual from the first-order conditions for utility maximization coupled with the budget constraint. It is left as an Exercise to check that 

xi(pi,pj,m) = 
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Exercise 4.13. Show that if, in the two-goods case, the consumer derives her income from an endowment consisting only of good 1, then as p1 varies the consumer's demand for good 1 is an increasing function of p1 if the utility function is CES with a negative ϱ (we know it is constant if the utility function is Cobb-Douglas). Conclude on the possibility of an everywhere downward-sloping supply curve of labour.

Exercise 4.14. Assume a CES utility function with n symmetrically placed goods (i.e. a1=a2=...=an). Suppose that the prices of all goods are the same and equal to 1. Show that if the consumer allocates a given budget m to these goods, her utility increases as n increases. Show further (Blanchard and Kiyotaki 1987) that if the function is specified as u=A1/(1–σ)(∑ixi(σ–1)/σ)σ/(σ–1), where A is a positive constant, then the marginal utility of each good at the optimum does not vary if n varies. 

The CES function is often used in theoretical and in econometric exercises, but the assumption of a constant elasticity of substitution is only made because of analytical convenience, there is little reason to expect it to have some correspondence with reality. 

LECTURE ON  THE  SUPPLY-AND-DEMAND  APPROACH CONTRASTED WITH THE CLASSICAL APPROACH,  FOR  THE  ADVANCED  MICROECONOMICS  LECTURES,  JANUARY  2010
I. A brief sketch of the classical approach.
This lecture tries to give a feeling of the basic ‘vision’ of the forces determining prices, quantities and income distribution according to the supply-and-demand, or marginalist, or neoclassical, approach, and tries to contrast it with the main alternative, the classical approach. The issues briefly discussed here are taken up again in much greater depth in the course Economic Analysis, that you should choose in your second year if you find these issues important. 
General equilibrium theory attempts to show that the supply-and-demand approach to value and distribution is robust, by proving that the free interplay of supply and demand brings prices and quantities toward well-defined magnitudes.  This approach says, fundamentally, that if competition is left free to operate, then income distribution is determined by the tendency toward a simultaneous equilibrium between supply and demand on all factor markets, owing to the tendency of the demand for a factor to increase if its ‘price’ or ‘rental’ (i.e. price of its services) decreases.  If e.g. the real wage decreases, then – this approach argues – the demand for labour increases, so that if one lets the interplay of demand and supply have free course, i.e. if the real wage decreases when demand is less than supply, and increases in the opposite situation, an equilibrium level of the real wage will be eventually reached in which the opposing forces of demand (which tends to raise the wage) and of supply (which tends to lower it) neutralize each other and the wage no longer has a tendency to vary. An analogous tendency is argued to be simultaneously operating in all factor markets. General equilibrium theory tries to prove that a simultaneous equilibrium on all factor markets is not an empty or self-contradictory notion, and that furthermore this simultaneous equilibrium is the situation toward which the interplay of supply and demand pushes a market economy.  (I stress factor market equilibrium because, as will be made clear, the supply and demand forces acting on product markets influence product prices only to the extent to which they are able to influence factor prices.) 

In order to evaluate the results to which general equilibrium theory has arrived, it is useful to contrast it with an alternative.  The main alternative to the supply-and-demand approach to value and distribution is the Classical approach of Adam Smith and David Ricardo, which the founders of the supply-and-demand approach wanted to refute and supplant with their approach. The main elements of this alternative approach can be listed as follows.

First, there is the distinction between market price, and natural price.  Market prices are the actually observed day-by day prices, influenced by transitory and accidental circumstances, and not even uniform for all the units of the same commodity. Natural prices are the prices around which market prices gravitate, continually tending to come back to them after every deviation, owing to the working of competition. The working of competition tends to establish the same price for all units of the same commodity and for all units of the services of the same type of land, or of the same type of labour, or of each unit of capital; and this also means that the prices of produced commodities tend toward the levels which just cover the costs of production, calculated with rent(s), wage(s), and the rate of return on capital at their natural levels: these cost-covering prices are the natural prices of commodities, also called by Ricardo and by Marx prices of production.  In later terminology, the natural prices of produced goods have also been called long-period normal prices.

This notion of long-period price is of course what students are introduced to in any economics textbook, in the chapter illustrating the partial-equilibrium analysis of the tendency, in competitive conditions with free entry, of the short-period price of a product toward the long-period price corresponding to zero 'profits'(
).   In these analyses the long-period price, equal to the minimum average cost, is determined on the basis of given input “prices” or, as I shall prefer to call them, rentals(
). Because of competition, these rentals will tend to be uniform for each type of input. Thus the cost of production of a good must include the normal wages on the labour employed, the normal rent on the lands employed, the normal net-of-risk(
) rate of return, or of profit, on the value of the anticipated capital. But the moment capital goods are admitted among the inputs of the good in question, the same tendency toward a price equal to cost of production should be admitted to be simultaneously at work, and with a speed of the same order of magnitude, for the prices of these capital goods[
]; since many capital goods include themselves among their direct or indirect inputs – for example, corn is used as seed to produce corn; steel is used to make many of the machines needed to produce steel –, there arises an apparent danger of circularity, because the price of steel tends to the cost of production of steel, but this cost of production cannot be ascertained if one does not know the price of its capital goods inputs, and these require knowing their own costs of production, that depend on the price of steel. The solution consists in a simultaneous determination of the long-period price of steel and of all capital goods directly or indirectly entering its production(
).

Let us very briefly sketch the resulting theory of product prices, as improved in more recent times.  Let us consider an economy where production goes on in yearly cycles, where land is free (the fundamental difference from the neoclassical approach does not lie in the theory of rent), and where there are two products, good 1 and good 2, which are both consumption goods and capital goods, and when used as capital goods last for only one production cycle (one year).  For concreteness, let these goods be corn, good 1, and iron, good 2.  Both goods require corn, iron, and labour to be produced.  For simplicity there is only one kind of labour.  Assume fixed coefficients (and constant returns to scale).  Let aij indicate the amount of input i (i=1,2,L) required for the production of 1 unit of output j (j=1,2):  so with “ * ” standing for ‘together with’ and “ ( ” standing for ‘produce’ we can write

a11 * a21 * aL1 ( 1 unit of good 1 (corn)

a12 * a22 * aL2 ( 1 unit of good 2 (iron).

Let us indicate with w the wage of labour, paid at the end of the year, and with vi (i=1,2) the rental of capital good i, also paid at the end of the year.  Then the long-period condition of price=cost of production implies:

p1 = a11v1 + a21v2 + aL1w

p2 = a12v1 + a22v2 + aL2w.

An investor who buys one of the two goods, say good 1, not for consumption but for investment pays p1 to buy it, lends it to a firm and obtains in return v1 after one period, with a rate of return equal to (v1-p1)/p1; if this is different from (v2-p2)/p2, investment will go mainly to the good that offers the higher rate of return, but the increased supply of this good as capital good will reduce its rental, while the reduced supply of the other capital good will raise its rental, until the two rentals become equal. Let us indicate with r this common rate of return toward which the tendency to invest where the rate of return is greater causes all rates of return to gravitate. Then the natural prices must satisfy the condition vi=(1+r)pi, i=1,2; so the price=cost equations can be re-written

p1 = (1+r)(a11p1 + a21p2) + aL1w

p2 = (1+r)(a12v1 + a22v2) + aL2w.

Since such equations, if satisfied, continue to be satisfied if p1, p2 and w are all multplied by the same positive number, i.e. can only determine relative prices, we may as well fix a numéraire, e.g. p1=1, and then we see that there are only three variables: the rate of return r on capital investment, called rate of profits by the classical authors; the real wage w/p1=w; and the relative price of iron in terms of corn. Since it seems difficult to imagine a force fixing the latter variable, it emerges that natural prices require, for their determination, the determination of either the real wage w, or of the rate of profits on capital r, and that once one distributive variable is fixed, the other is determined as well(
). Ricardo was the Classical author who first realized this necessary connection between rate of profits and real wage (albeit through the defective labour theory of value). 

(Having more than two commodities would not alter this result as for each added commodity we would add one variable, its price, and one equation stipulating price=cost for that commodity. It can also be shown that, if technical coefficients are variable, cost minimization will finally arrive at a well-determined set of technical coefficients that depends on the given distributive variable.)
The notion of natural prices reappears in the marginalist approach as long-period prices, so at least in its traditional formulations up to this point the marginalist approach does not fundamentally differ from the Classical approach. The difference arises on how to determine income distribution between wages and profits.

So we come to the second main element of the Classical approach: the theory of wages. The Classical authors determined income distribution by considering the real wage to be determined by social, historical, political elements in which custom and social convention played an extremely important part; so that for the analyses e.g. of the effects of changes in taxation, or of a technological innovation, or of the extension of cultivation to inferior lands, it was legitimate to take the real wage as given.  

Ricardo largely implicitly, and Adam Smith very explicitly, saw capitalism as based on conflict and power relations between classes; they explained profits as the appropriation (ultimately due to a power, on the capitalists' side, analogous to the exploitative power of feudal lords vis-à-vis serfs) of the surplus produced on no-rent land above a "subsistence" wage - in fact, a wage kept low by the lower bargaining power of the labouring classes, owing to the capitalists' collective monopoly of the possibility to work, a monopoly protected by the state.  Adam Smith wrote:

What are the common wages of labour, depends everywhere upon the contract usually made between those two parties, whose interests are by no means the same.  The workmen desire to get as much, the masters to give as little as possible.  The former are disposed to combine in order to raise, the latter in order to lower the wages of labour.

It is not, however, difficult to foresee which of the two parties must, upon all ordinary occasions, have the advantage in the dispute, and force the other into a compliance with their terms.  The masters, being fewer in number, can combine much more easily; and the law, besides, authorises, or at least does not prohibit their combinations, while it prohibits those of the workmen.  We have no acts of parliament against combining to lower the price of work; but many against combining to raise it.  In all such disputes the masters can hold out much longer.  A landlord, a farmer, a master manufacturer, a merchant, though they did not employ a single workman, could generally live a year or two upon the stocks which they have already acquired.  Many workmen could not subsist a week, few could subsist a month, and scarce any a year without employment.   In the long-run the workman may be as necessary to his master as his master is to him; but the necessity is not so immediate.

We rarely hear, it has been said, of the combinations of masters, though frequently of those of workmen.  But whoever imagines, upon this account, that masters rarely combine, is as ignorant of the world as of the subject.  Masters are always and everywhere in a sort of tacit, but constant and uniform combination, not to raise the wages of labour above their actual rate.  To violate this combination is everywhere a most unpopular action, and a sort of reproach to a master among his neighbours and equals.  We seldom, indeed hear of this combination, because it is the usual, and one may say, the natural state of things, which nobody ever hears of.  Masters, too, sometimes enter into particular combinations to sink the wages of labour even below this rate.  These are always conducted with the utmost silence and secrecy, till the moment of execution, and when the workmen yield, as they sometimes do, without resistance, though severely felt by them, they are never heard of by other people.  Such combinations, however, are frequently resisted by a contrary defensive combination of the workmen; who sometimes too, without any provocation of this kind, combine of their own accord to raise the price of their labour.  Their usual pretences are, sometimes the high price of provisions; sometimes the great profit which their masters make by their work.  But whether their combinations be offensive or defensive, they are always abundantly heard of.  In order to bring the point to a speedy decision, they have always recourse to the loudest clamour, and sometimes to the most shocking violence and outrage.  They are desperate, and act with the folly and extravagance of desperate men, who must either starve, or frighten their masters into an immediate compliance with their demands.  The masters upon these occasions are just as clamorous upon the other side, and never cease to call aloud for the assistance of the civil magistrate, and the rigorous execution of those laws which have been enacted with so much severity against the combinations of servants, labourers, and journeymen.  The workmen, accordingly, very seldom derive any advantage from the violence of those tumultuous combinations, which, partly from the interposition of the civil magistrate, partly from the superior steadiness of the masters, partly from the necessity which the greater part of the workmen are under of submitting for the sake of present subsistence, generally end in nothing but the punishment or ruin of the ringleaders. (Smith, 1975, pp. 58-60)
The superior strength of the 'masters' does not, however, reduce the wages below a level which Smith describes as “the lowest consistent with common humanity” (ibid., p. 63), and which is not to be intended as biologically determined: the 'subsistence' of labourers is admitted by all classical authors to include an element of habit, custom, convention; thus Ricardo speaks of "comforts which custom renders absolute necessaries", and explicitly admits that "the natural price of labour .... essentially depends on the habits and customs of the people" (ibid. pp. 96-7). But how do these habits and customs form, and how do they operate? Smith’s long passage quoted above suggests the importance of tacit rules of behaviour, which individuals adhere to in order not to lose the solidarity and respect of the people socially close to them, and clearly also in order not to cause social turmoil(
). It appears therefore legitimate to say that in the classical approach real wages result from a continuous open or latent conflict, and oscillate around a 'natural', or customary, real wage, which labourers expect to earn (and consider therefore a 'fair' wage(
)) because it reflects the average balance of bargaining power between capitalists and wage labourers over the recent past; this customary 'subsistence' wage, which guarantees a standard of living which through habit has come to be regarded as indispensable to decent living, is the starting point of further bargaining. The latter, if conditioned by a changed balance of bargaining power, may result in a lasting divergence of wages from their customary level, with a resulting slow change of the customary or 'natural' or ‘fair’ real wage itself. Any considerable divergence of the standard of living of a social class from its customary level(
) can be expected to cause social unrest and turmoil: strikes (also by capitalists), protests, sabotage, even revolts or military coups. One may then consider the periods of social tranquillity as truces, regulated by an armistice, which will last as long as no side to it feels strong enough to question it. When the armistice is questioned, then a period of unrest and bargaining ensues, and if this results in a persistent change in the standard of living of a class, then after a while this becomes incorporated in custom and expectations, and the implicit component of the new armistice.  But the changes are usually small and slow, because the improvements in the position of one class are usually at the expense of the position of other classes, and the social resistance of large groups to abrupt losses of income is usually enormous. Income determination is impregnated of politics: if wages are lowered too quickly, workers protest, sabotage, perhaps even stage revolts, and if wages rise too quickly an analogous opposition arises from other social classes, and this is the main reason why wages only change slowly.
The force and persistence of the social elements determining the real wage pushed classical authors to consider it as a necessary input of production, as indispensable as raw materials or food for cattle: hence the conception of the incomes other than wages as a surplus over the necessities of reproduction, and the treatment of the real wage as given when attempting the determination of the rate of profits(
): given, not in the sense of unexplained or exogenous with respect to economic analysis, but as determined logically prior to the determination of relative prices and the rate of profit.     

So the reason why profits are positive, according to Adam Smith, is the superior strength of the capitalists when it comes to the wage bargain: there is no productive contribution of the capitalists; simply, the workers must give in and accept a wage which leaves a profit to the capitalists, because the latter can resist longer in case of conflict, and have the support of the repressive apparatus. This explanation of wages is easily compatible with persistent unemployment, which is simply one of the elements influencing the bargaining power of labour vis-à-vis capitalists. Some unemployment is a normal element of capitalism, it causes wages to decrease only when it becomes very severe, and then it is still a very slow and not indefinite decrease of wages. This approach to wages is then very different from the marginalist one, in that it does not assume an indefinite tendency of real wages to decrease as long as there is unemployment. 

It might be argued: all this may be very realistic, but all it means is that, according to classical authors, labour markets are not perfectly competitive. But this would miss the true roots of the difference from the later marginalist conception of the wage as determined by supply and demand. The root of the difference is analytical: it lies in the absence, in the Classical authors, of any notion of a decreasing demand curve for labour (or for capital).  Thus in the Classical authors one does not find the necessary connection between real wage and level of employment characteristic of the marginalist/neoclassical approach. In the marginalist authors an exogenous determination of the real wage (e.g. because of trade unions) renders labour employment endogenous: a higher real wage necessarily means a lower demand for labour, precisely because there is a downward-sloping demand curve for labour (as will be explained later).  In the Classical authors the sole certain effect of a change in real wages is a change of the rate of profits in the opposite direction, and its further effects, in particular its effects on employment, are not univocally determined, depending on the circumstances and possibly on the extent of the variation.  E.g. in Marx an increase in wages may sometimes increase employment by stimulating demand for consumption goods, in other occasions – especially if it is a big increase accompanied by much social unrest – it may cause a crisis by frightening capitalists who stop investing.  In Ricardo, who accepted Say’s Law[
], a decrease in wages only causes a faster accumulation, and it is only this faster accumulation (plus possibly a slowdown in the growth of population) which may cause over the years a reduction of unemployment, not the increase in the demand for labour with an unchanged stock of capital as on the contrary in the marginalist/neoclassical approach. 

Now, the marginalist idea of an indefinite downward flexibility of wages as long as there is unemployment could become accepted only because their theory argued that a wage reduction in the presence of unemployment would quickly bring to equilibrium without causing such a fall of living standards as to disrupt social life, owing to a considerably elastic demand curve for labour (derived in the way to be explained below); in the classical authors there is no idea that as long as there is unemployment wages will decrease, and it easy to understand why: since they did not have the notion of a decreasing demand curve for labour, the idea of wages decreasing the moment there is unemployment would have implied a tendency of wages to fall to zero, or to implausibly low levels, disrupting the orderly working of the economy, whenever there was unemployment (i.e. nearly always)(
). This shows that, while in the marginalist approach the presence of socio-political forces rendering the wage rigid is a possibility but is an impediment to the free working of competition (if one assumed away those forces, competition would be perfectly able to determine the real wage by itself, at the equilibrium, full-employment level), on the contrary in the classical authors the operation of competition on the labour market must perforce be conceived differently, the role of socio-political forces in the fixation of the wage is indispensable to an explanation of the wage (to assume those forces away would make it impossible to explain what determines the wage and prevents it from falling to zero in the presence of unemployment). 
And labour-market competition too is then conceived differently: according to the classics, competition in the labour market is simply the force which tends to establish a uniform wage for the same type of work, but not at a level of equality between supply and demand, rather at the level determined by relative bargaining strength, and therefore its operation does not consist in a rise or fall of the wage as long as supply is less or more than demand, it is conditioned by those same social forces which establish the average level of the wage[
]: a rather realistic view, given that it nearly never happens that an unemployed worker spontaneously offers to work for a lower wage than the normal current one, generally this idea does not cross his mind at all.
II. The equations of general equilibrium with production.
The marginalist or neoclassical or supply-and-demand approach argues on the contrary that, at least when competition is allowed to work, there is a tendency toward an equilibrium (an equality) between supply and demand on all markets. We present first a simple formalization of the equations that such a general competitive equilibrium must satisfy, in an economy where several factors (but no capital goods; only different types of labour and of land) produce several consumption goods. It is based on prices equal to minimum average costs and therefore, implicitly, on free entry. It will emerge that it is ultimately reducible to an equilibrium of pure exchange, more precisely, of indirect exchange of factor endowments. As an aid to intuition and simplicity, I assume that no factor services are demanded directly by consumers in excess of their endowments; factors and consumption goods do not overlap, there are m products (consumption goods) and n factors (inputs); so the supply of factors by consumers to firms is non-negative, and the demand for factors comes only from firms and accordingly is non-negative too. 

The factor endowments of consumers are to be interpreted as per-period endowments of services of the factors they own, for example if I own an acre of land and if the period length is a year but services are measured per day, then I have an endowment of 365 ‘days of use of one acre of land’ per period.

The symbols are: 

pj,  j=1,...,m  the price of product j (a consumption good); p the vector of prices
qj  the aggregate supply (output per unit of time) of good j 
vi,  i=1,...,n  the rental (i.e. price of the services) of factor i;  v their vector
xi the aggregate demand for factor i (by firms)

aij  the technical coefficient of factor i in the production of good j, i.e. the quantity of factor i employed per unit of product j

Qj(p,v)=Qj(p1,...,pm,v1,...,vn)  the aggregate demand function for good j, derived from the choices of consumers, non-negative

Xi(p,v)  the aggregate supply function of factor i to firms, derived from the choices of consumers, and non-negative too.

I come to the equilibrium equations. Once a vector of factor rentals v=(v1,...,vn) is assigned, cost minimization plus the assumptions of a common technology for all firms in the same industry univocally determine the minimum long-period average cost MinLACj for each consumption good, which – because of the assumption that industry production functions have CRS (constant returns to scale) – only depends on factor rentals, so we can represent the minimum average cost of good j as MinLACj(v), a function homogeneous of degree one. I assume strictly convex isoquants, so the technical coefficients aij are uniquely determined by the tangency between unit isoquant and isocost, and we can represent them as aij(v), functions homogeneous of degree zero; obviously MinLACj(v)=Σiviaij(v). Profits (in the marginalist sense) in equilibrium must be zero, hence product prices must equal minimum average costs.  Thus

(A)   pj = MinLACj(v) = Σiviaij(v),    j=1,...,m. 

Thus, once v is given, p is given too, and we have all that is needed to determine consumer choices; hence the aggregate product demands Qj(p,v) and factor supplies Xi(p,v) are determined. For brevity I do not illustrate how these demands are determined, they are the sums of the demands of each consumer, that derive for each consumer from utility maximization on the basis of his/her given endowments and preferences. The adjustment of the quantities supplied to the quantities demanded of consumption goods determines the quantities to be produced::

(B)    qj = Qj(p,v),   j=1,...,m.   

Since the technical coefficients are also determined, the quantities produced determine the aggregate demand for each factor by firms:

(C)    xi = Σjaij(v)qj, i=1,...,n. (Make sure you understand the meaning of this sum)
All that remains is to specify that there must be equilibrium on factor markets i.e. that the aggregate demands for factors must equal (or be not greater than) the aggregate supplies:

(D)    Xi(p,v) ≥ xi,   i=,...,m,    and if for a factor the inequality is strict, then the corresponding rental is zero.

These four[
] groups of equations (A),(B),(C),(D) are the conditions that the equilibrium of production and exchange must satisfy. They are 2n + 2m equations, one of which is not independent of the other ones owing to Walras’ Law[
]; hence 2n+2m–1 independent equations in the 2n+2m variables (p,q,x,v), but the equations are homogeneous of degree zero in (p,v) so only relative prices count, hence we can add one more equation fixing the price of the numéraire commodity or basket of commodities as equal to 1, for example ∑ivi=1, and then the number of independent equations is equal to the number of variables.  

Obviously this is only an initial check of consistency, and a rigorous demonstration that a solution exists requires more than this. But the mathematical issue of existence cannot be tackled in this course. Suffice it to say that there are some problems, but according to most authors not so grave as to question the entire approach. (I have doubts.)
Note how everything depends on the vector v of factor rentals. Once v is assigned, the technical coefficients are determined and p is determined by equations (A), then we can write p=p(v) and then in equations (B) the quantities produced become a function of v only, qj = Qj(p(v),v); defining qj(v)=Qj(p(v),v), in equations (C) the factor demands become a function of v only, xi = Σjaij(v)qj(v) = xi(v); so whether equations (D) are satisfied depends only on v, because – neglecting now the possibility of zero rentals for simplicity – we have Xi(p(v),v) = xi(v). Demand for products is only an indirect way to demand factors, the central purpose of the system is to determine the equilibrium factor rentals. Indeed if divisibility and CRS were so extreme that firms could be efficient at even extremely small dimensions, one could imagine each household setting up the microfirms it needs in order to produce the consumption goods it demands, and demanding from other firms only the factor services it does not supply; in such a hypothetical economy the sole exchanges would be exchanges of factor services, the economy would look like a pure-exchange economy. 
III. The tendency to equilibrium: factor demand curves.
Let us now clarify how the marginalist/neoclassical approach argues that the equilibrium is what the economy actually tends to, at least if the free play of competition is not impeded. The adjustment of the quantities produced to the quantities demanded is considered unproblematic, and is embodied in equations (A). The problem is to justify the adjustments required by equations (D), the adjustments on factor markets. The idea is that the choices of firms and of consumers cause the demand for each factor to be a decreasing function of its rental, and then the stability of factor markets is judged extremely probable. 
Let us see how the approach derives the decreasing demand curve for labour. Let us suppose an economy where there is one product, corn, produced by labour L and land T. Suppose for simplicity that the supplies of labour and of land are rigid. Production is performed by firms which, because of free entry and competition, are price-takers and end up by adopting the same technology, described by a production function C=f(T,L), with well-defined and smoothly decreasing marginal products (inefficient producers are eliminated by competition). This technology exhibits constant returns to scale at least at the level of the industry (which in this case coincides with the entire economy), because, either the production function itself has constant returns to scale, or it generates long-period U-shaped average cost curves but the optimal firm dimension is sufficiently small relative to total demand to ensure that the maximum displacement of each firm from the optimal dimension is negligible. So we can treat the entire industry (in this example, the entire economy) as a single giant firm whose production function C=F(T,L) exhibits constant returns to scale. Then by a well-known property of constant-returns-to-scale production functions, the marginal products of factors depend only on factor proportions(
). Given the real wage (in terms of corn), all firms will therefore adopt the same T/L ratio, the one which renders the marginal product of labour equal to the real wage.  If we can assume that the total land employed is given, then the labour demanded by firms will be a decreasing function of the real wage, and will in fact be the inverse function of the marginal product function of labour in the economy as a whole.  It can therefore be represented in the usual way, with the real wage and the marginal product of labour in the economy as a whole on the vertical axis, and labour employment on the horizontal axis, see Fig. 1.[
]
The intersection with the supply curve of labour (assumed here vertical because we do not want at this stage to discuss the problems which might derive from a backward-bending labour supply)  determines a unique and stable equilibrium.  Stable because, owing to our assumption that the amount of T employed is given, there is only one market on which equilibrium must be reached: the labour market, and on this market it can then be assumed that the real wage will respond to excess demand and thus tend toward the equilibrium level.  (The product market is necessarily in equilibrium for all real wages, the moment it is admitted that all income goes to purchase the product, and that only the employed factors have income to spend on the product.(
))
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This construction can be symmetrically applied to the demand for land if one assumes labour is fully employed. It obviously needs a given employment of the other factor. The way this is obtained is by assuming the full employment of the other factor, that is, that equilibrium has been reached on the other factor’s market.  The reasoning justifying the full employment of land when considering the demand for labour is not very explicit in the marginalist authors; a rational reconstruction can be as follows. 

If it is the owners of land who act as entrepreneurs, then firms will treat the land they employ as given, so the equality between supply and demand for land is ensured(
). If entrepreneurs do not own the land and therefore both hire labour and rent land, then the case is more complex: the possibility exists that both land and labour are unemployed(
). Since the income which can exercise demand on the product market is only the income paid to employed factors, a simultaneous proportional decrease of both nominal factor rentals with unchanged factor employments will cause a proportional decrease of both the product’s normal price and total nominal factor incomes, so demand for the product will not change, and there is no clear reason why production should increase. In order to defend the tendency toward full employment one must rely, either on the existence of money and on some kind of Pigou (or real-balance) effect which causes an increase in the real demand for the product as nominal prices decrease, or on a reasoning of this kind: if firms, in the initial expectation of an unchanged product price, are induced to expand production to reap the extraprofits expected from the lower factor prices, the expanded production will not allow extraprofits but neither will it cause losses, because – owing to the demand for the product coming from the payments to factors – demand for the product will increase in the same proportion as factor employment: so factor employment will tend to increase, until full employment is reached for one of the two factors, and then for the other factor the decreasing demand function will come into operation. (Note that, when one factor market is in equilibrium while on the second there is unemployment, then the decrease of the second factor’s rental does not disturb the full employment of the first factor, quite the contrary. Because of the theorem of the exhaustion of the product(
) i.e. F(T,L) = T·(F/(T + L·∂F/∂L , if firms pay labour its marginal product what is left of the product is just enough to pay the employed land its marginal product. Then assume that initially there is equilibrium on the land market and unemployment on the labour market owing to a real wage above the equilibrium level.  The real wage goes down, and labor employment goes up. The marginal product of land, being a decreasing function of T/L, is an increasing function of L/T, so it goes up and becomes greater than the rent of land. There is now excess demand for land and this pushes up the rent of land and re-establishes equilibrium on the land market, without the full employment of land being disturbed.)

Consumer choices have so far had no role at all in the derivation of the decreasing demand curve for labour, nor in the determination of the equilibrium real wage, nor in the arguments in favour of the stability of equilibrium. Consumer choice can influence the shape of the factor supply curves, as I briefly indicate later. But the main reason why so much room is given to consumer theory in neoclassical economics is another one. Consumer choice is relevant, in the marginalist/neoclassical approach, as supplying a reason for decreasing demand curves for factors, alternative or additional to the direct, technological substitutability among factors in each industry.  Let us see why, by assuming now two consumer goods, corn and iron (goods 1 and 2), produced via fixed technical coefficients by labour and land.  Let these technical coefficients be L1, T1, L2, T2, and assume that corn production is more labour-intensive than iron production, L1/T1>L2/T2.  Let ( be the rent of land, paid, like wages, at the end of the production cycle; then the tendency of prices toward costs of production means a tendency of prices toward the levels determined by

p1 = L1w + T1(,

p2 = L2w + T2(.

It is mathematically trivial to show that when w increases in terms of either good, ( decreases, and that, given our assumption that good one is more labour intensive, p1/p2 decreases when w/( decreases(
).  Thus, the labour-intensive good becomes relatively cheaper when the real wage decreases.  The argument then goes as follows.  Assume, as before, that land is fully utilized and there is labour unemployment.  The real wage goes down.  Corn becomes cheaper relative to iron and then, it is argued, very plausibly the composition of the demand for consumption goods will shift in favour of corn.  The adaptation of the composition of production will then require shifting some units of land from the production of iron to the production of corn; since in the corn industry each unit of land is combined with more units of labour than in the iron industry, this shift will increase the demand for labour.

There are therefore two factor substitution mechanisms invoked by the marginalist approach to justify the increase in the average economy-wide labour-land proportion as the wage-rent ratio decreases(
): a technical or direct substitution mechanism, consisting in the tendency to substitute (to some extent) within each industry the factor which has become relatively cheaper for the factor which has become relatively more expensive; and an indirect factor substitution mechanism, consisting in the tendency, of the industries which use more intensively the factor which has become cheaper, to expand in response to a psychological substitution in consumer choices, due to the relative cheapening of the consumption goods whose production uses more intensively the factor which has become relatively cheaper.

These factor substitution mechanisms, which we have examined separately, are argued to be at work simultaneously in the economy, and their combined action is argued to give greater plausibility to the thesis of demand curves for factors, not only decreasing, but also sufficiently elastic so as to avoid implausible results such as a zero equilibrium wage, or enormous changes in the equilibrium distribution owing to only small changes in relative factor supplies; or – the moment backward-bending supply curves for factors are admitted – so as to minimize the possibility of multiple or “practically indeterminate” equilibria.  

The “practically indeterminate” equilibria are a case which is generally given little consideration but is potentially as damaging to the theory as multiple equilibria.

When e.g. the labour supply curve is backward-bending, it is possible that the demand curve and the supply curve (although crossing only once so that the equilibrium on the labour market is unique and strictly speaking stable) are very close to each other, i.e. practically coincide, for an entire interval of values of the real wage, see Fig. 2. Since the forces pushing toward equilibrium cannot but be the weaker, the smaller is the discrepancy between supply and demand, this would mean that in an ample interval of values of the real wage around the unique equilibrium value (say, between w1 and w2 in Fig. 2) the tendency toward equilibrium would in all likelihood be extremely weak, the real wage would practically remain wherever it happened to be in that interval, so that the real wage would have to be considered indeterminate in such an interval of values.
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But the likelihood of such a phenomenon, like that of multiple equilibria, decreases as the elasticity of the labour demand curve increases; thus consumer choice is useful in so far as it provides additional reasons for sufficiently elastic factor demand curves.

This role of consumer choice in the marginalist/neoclassical approach explains why in this approach great space is given to examining the general qualitative properties of the response of consumer choices to changes in prices, while comparatively little space is given to examining the content of these choices, their determinants, and their changes over time.  The approach is not very interested in why everybody wants to have a car or a portable phone, what it is really interested in is to what extent the general properties of consumer choices can supply reasons in support of the indirect substitution mechanism and thus in support of its approach to income distribution. The study of consumer demand is important for its implications for factor demand.

IV. Some implications.
So far I have assumed one type of labour and one type of land.  But the decreasing demand curve for a factor can be derived also with more than two factors, indeed for any number of factors; it can therefore also be used to explain wage differences between different kinds of labour, rent differences between different kinds of land; and, according to the marginalist approach, also to explain the rate of interest, i.e. the rental of capital.  The basis for this last extension is easily grasped for an economy where production is of corn, via the use of labour and of capital consisting only of seed-corn; then capital is all circulating capital, i.e. consumed in a single production cycle, and the rate of interest will tend to equal its net marginal product, i.e. what is left of the marginal product of the last unit of capital after subtracting from it the consumption of that unit of capital so as to have at the end the same capital one started with. With circulating capital, the net marginal product is simply the gross or physical marginal product minus one. So the adding-up or product exhaustion theorem becomes C=F(K,L)=(1+r)·∂F/∂K + w·∂F/∂L; the same reasoning applied above to labour or land can be applied here to corn-capital to derive a decreasing demand curve coinciding with the curve of the net marginal product of corn-capital. 

Note then the symmmetry: each factor receives its marginal product; all factors are on an equal footing, the same law applies to all.  Note also the possibility to state that each factor receives its contribution to production: each unit of each factor receives what society would lose if that unit were withdrawn from production.  And note also the possibility to justify such a law of distribution by finding a sacrifice behind each contribution: in the same way as the wage rewards the sacrifice of unpleasant labour, so the rate of interest rewards the sacrifice of abstinence from immediate consumption which makes it possible for society to enjoy the benefits of a positive stock of capital. 

It should now be clear why this view of the determinants of distribution was considered by its proponents a convincing refutation of the socialist characterization of property incomes as resulting from the exploitation of labour. Capitalism comes out of this theory as being, not a society based on the extortion from labour of some of its product, but instead a society of co-operation of sacrifices which mutually render one another more productive (the marginal product of a factor generally increases if the employment of other factors increases). We still lack an adequate study of the enormous impact the domination of this theory must have had on ideology and on sociology.
It may also start appearing why the marginalist approach resulted in a separation of economic analysis from those historical and socio-political elements which were on the contrary an integral part of it in the classical authors. In the marginalist approach supply and demand, derived from consumer choices and firm choices, are capable of determining prices, quantities and income distribution on the basis of a very restricted set of institutions: essentially, competition and a general respect of contracts and of private property. Custom and politics are not indispensable to explain the result of the working of competitive markets; at most, they are complicating elements that disturb the efficient result that competition would reach if left free to operate. In the classical approach, on the contrary, without a socio-political determination of the relative bargaining power of social classes, including the danger of violent turmoils in case real wages decrease too much, there would be no explanation of the level of wages; custom and politics are indispensable; thus a classical economist is also naturally a sociologist and a political scientist. 

Finally, the implications of the marginalist approach for the cure of unemployment are clear: labour unemployment results from a real wage higher than the full-employment level; the cure must consist in lowering the real wage; if unemployment persists, the responsibility is of what prevents wages from decreasing: the power of trade unions; so the workers, whose support gives strength to trade unions, should ultimately blame themselves if unemployment persists.
V. Capital
The equations of general equilibrium shown earlier and the description of the derivation of decreasing factor demand curves did not consider capital goods (I noted that the scheme could also be applied to corn-capital, but this is a special case in that there is only one capital good, so no problem arises concerning the determination of the composition of capital). The extension of the supply-and-demand approach to include many capital goods is clearly necessary for the approach to be acceptable, given their enormous importance in modern economies both as products, as means of production, and as sources of income; but the approach encounters very grave problems in such an extension.
In these lectures in Advanced Microeconomics only a brief hint of one of these problems can be given; they are studied in greater detail in the Economic Analysis course. The importance of these problems is very great, because they appear insurmountable and therefore they suggest that one should turn to different theories of how market economies work; and this can have a great impact on our evaluation of the society we live in, and of what should be done to correct its defects.

 Let us first of all be clear on the logical structure of the marginalist, or supply-and-demand, determination of product prices, quantities, and income distribution. The central idea, to repeat, is that there is a tendency toward equilibrium between supply and demand on factor markets. The equilibrium on product markets is not considered a problem, productions adjust to demands; the question is whether factors succeed in finding employment, and the theory relies on the two mechanisms of factor substitution illustrated above to argue that indeed the supply of each factor will succeed in finding employment if only its rental decreases in case demand for it is less than supply. Now, on what data does the resulting general equilibrium depend? On three groups of data:
1) the total amount (the economy’s endowment) of each factor;
2) technical knowledge, that determines the production functions of the several industries;

3) the preferences of consumers and the distribution among consumers of the property of the total factor endowments, that determine the demands for consumption goods and the supplies of factor services of each consumer as functions of product and factor prices.

These three groups of data are what makes it possible to derive the general equilibrium. If it were impossible to consider some of these data as data, that is, as given and not changing during the disequilibrium adjustments, it would be impossible to determine the general equilibrium, and the theory would fall down because unable to determine the situation toward which the interaction of supply and demand should be pushing the economy; one would be obliged to conclude that the persistence of observed quantities, prices and income distribution must be explained on the basis of other forces, since the forces assumed by this theory to determine them are unable to produce a definite result.
The problem raised by the presence of capital goods that I have time briefly to mention here concerns the determination of their endowments. Capital goods are factors of production, so the total endowment of each capital good should appear among the first group of data of general equilibrium[
]. But the amounts in existence of capital goods are different from the amounts of labour, or of the several types of land, in that capital goods are produced and consumed, and their amounts in existence can be quickly altered by differences between the flow of their production and the flow of their consumption in production; the endowment of a capital good stops changing quickly only when it has adjusted to the needs of firms, with its production compensating its consumption by firms, and (if one abstracts from the very slow changes caused by economic growth[
]) there is no change either in how many industries use production methods that employ that capital good, or in the level of the demand for the products of those industries. Any change in production methods or in demands will entail a quick change in the endowments of most capital goods. 
Thus suppose that there is labour unemployment and the real wage decreases. This has effects on the technical choices of firms, which may change methods of production because, now that labour is cheaper, the use of different capital goods becomes more convenient; and it has effects on consumer demands, because the relative prices of consumption goods and the incomes of consumers change. The result is that the capital goods demanded by firms change for two reasons: because some industries increase production while other industries reduce production, and because the most convenient methods of production change. Remember that all produced means of production are capital goods: hammers, nails, paint, tractors, cement, iron, pumps, fertilizer, sulfuric acid, valves, computers used by firms, these are all capital goods. Most of these have rather short economic lives, so the amounts in existence of them can change rapidly if the industries utilizing them change their demand for them. If for example a decrease in wages reduces demand for wine and raises demand for beer, the inventories of glass wine bottles waiting to be filled will quickly decrease, while the inventories of empty beer cans will quickly increase; and the quantities in existence of bottle-producing machines and of beer-can-producing machines will follow suit, although somewhat more slowly owing to their being durable goods[
]. Now, the time required for adjustments between supply and demand on the labour market is considerable: in order for the demand for labour to change according to the direct and indirect substitution mechanisms, prices and demand for consumption goods must change, consumption goods firms must adjust productions, the firms producing the inputs for the consumption-goods producers must adjust their outputs, production methods must change, and this again causes disequilibria on the input markets, disequilibrium arises on the land market and takes time to be corrected too.... clearly all this requires several months at least, if not years. During these months the amounts in existence of very many capital goods can change drastically: for example, the endowments of capital goods only used in production methods abandoned owing to the wage change will go down to zero. Clearly, with the exception of very-long-lived capital goods (e.g. buildings, electrical power stations), the endowments of most capital goods cannot be considered as data during the adjustments on the labour market.
Modern presentations of general equilibrium theory try to hide this difficulty by describing the adjustments as instantaneous, imagining that they are guided by a magical ‘auctioneer’ who avoids disequilibrium productions and exchanges by blocking all economic activity until equilibrium is reached. The reaching of equilibrium is imagined to be achieved as follows: the auctioneer proposes a price vector (p,v), collects intended supplies and demands at those prices, verifies whether supplies and demands match on the several prices, and proposes new prices (higher where demand had been greater than supply, lower where the opposite had been the case), repeating this procedure – still with all economic activity congealed – until equilibrium is reached (if at all: this process, called tâtonnement, does not always converge). But imagining that equilibrium is reached in this way is only a trick that in no way surmounts the problem, because in real economies adjustments take considerable time, and involve productions and exchanges, and to assume otherwise cannot tell us how real economies function. That the economy does tend to equilibrium must be argued on the basis of realistic time-consuming adjustments that admit mistakes, wrong productions, people who regret their choices etc., but during any such adjustment the endowments of the several capital goods can change to nearly any extent.  
In conclusion, it is not legitimate to treat the several capital endowments of an economy as given in order to determine the position toward which the tendency toward an equilibrium on factor markets supposedly pushes the economy. These endowments must be treated as determined by the choices of firms, hence, as endogenous variables rather than as data. But then the theory crumbles: it needs given endowments of all factors in order to determine the general equilibrium; if some of these endowments instead of being given are unknowns the system of equations has more unknowns than equations and the solution is indeterminate. 

We cannot stop in this course on how the problem was faced by the early neoclassical economists, who attempted to conceive of capital as in some sense a single factor embodied in the several capital goods and capable of changing ‘form’ (that is, composition) without changing in quantity and tried in this way to allow for a composition of capital endogenously determined by the equilibrium rather than given while the total endowment of capital was given[
]. Suffice it to say that nowadays it is universally admitted that their treatment of capital was indefensible. The modern versions of general equilibrium with capital goods are formally similar to our system of equations (A)(B)(C)(D), only reinterpreted as intertemporal[
], and include given initial endowments of the several capital goods among the endowments of factors, hence among their data. The problem can then be made clear as follows. Suppose the first one thousand factors, i=1,...,1000, are capital goods. Suppose that they give no direct utility to consumers so their endowments are entirely supplied, we can then treat X1, ..., X1000 as independent of p and v, and representing the endowments of these capital goods. Assume for simplicity that we can neglect inequalities. The first one thousand equations (D) simplify to Xi=xi for i=1,...,1000. If the endowments of these capital goods are given, the equality of number of equations and number of unknowns is not disturbed. But if, as argued, these endowments must be considered unknowns, X1, ..., X1000 become additional unknowns while no additional equation has been added: the system of equations becomes underdetermined. 
This criticism suffices to show that supply and demand as formalized by the marginalist approach are unable to determine income distribution. (Further criticisms are possible, that also undermine mainstream macroeconomics, but we cannot discuss them now.) One has to turn to a different theory. This different theory must offer a different explanation of the determinants of income distribution, and also a different explanation of the determinants of quantities produced and of labour employment. The most promising alternative would appear to be to return to the classical view of the determinants of wages, and to Keynes’s principle of effective demand for the determination of quantities and employment. The result is a much more critical assessment of capitalism.
  Exercise 1

In the neoclassical economy where corn is produced by labour and land according to a differentiable production function, assume that the supply of labour is backward-bending, and show that in this case there is no guarantee that the demand curve for land (assuming equilibrium on the labour market) is downward-sloping. (Hint: note that the rent of land only determines the optimal factor ratio T/L; to determine the demand for land one must determine the denominator by assuming equilibrium on the labour market; this requires determining the real wage, which is possible because a given rate of rent univocally determines the real wage owing to the product exhaustion theorem.)
Exercise 2

Derive graphically the form of the labour demand curve if labour and land produce only corn, when a) only a single fixed-coefficients method is known, b) two fixed-coefficient methods are known, which generate activity-analysis-type isoquants.  Land is in fixed supply and fully employed. (Hint: for each method, derive the demand for labour from the given employment of land and the labour-land ratio, for the admissible levels of the real wage, that is, non-negative factor prices.)
Exercise 3.

Suppose that labour and land, inelastically supplied, produce two consumption goods, corn and iron, in two single-product fixed-coefficients industries.  The labour-land ratio is higher in the production of iron.  According to the marginalist approach, if there is a shift in tastes in favour of iron, what will be the effect on quantities produced and on income distribution? Derive from the answer the role of consumer choices in such an economy.
Exercise 4
Suppose labour and land produce two consumption goods, call them corn and iron, in two separate single-product industries, each one with fixed technical coefficients. Show how one may derive indirect indifference curves for labour and land from the indifference curves for corn and iron of a consumer (assume labour and land yield no utility nor disutility and are supplied in fixed quantities), and show that the wage-rent ratio will equal the marginal rate of substitution along the indirect indifference curve. (Hint: assume given technical coefficients; derive for each consumption bundle the labour and the land needed to produce it.)
Exercise 5 

Suppose that inelastically supplied labour and land produce corn and iron in two separate single-product industries, each one with a smoothly differentiable production function. Define the indirect marginal utility of a factor as the increase in utility of a consumer obtained by an increase by one (small) unit of the endowment of the factor. Assume that only corn and iron produce utility, and no corner solution in equilibrium (all consumers consume both corn and iron, both factors are used in both industries).  Show that the wage of labour will equal in equilibrium the indirect marginal utility of labour, if for each consumer the unit of measure of utility is her marginal utility of money. 

Examples of possible exam questions for the first module (prof. Petri) of the Advanced Microeconomics course, November 2009 - January 2010.

List and interpret the Kuhn-Tucker conditions for cost minimization with two factors, if output is given.

+State the Envelope Theorem and give at least two applications.

Prove that the cost function (or equivalently the expenditure function) is concave in prices. Explain how this is connected with the negative semidefiniteness of the Slutsky matrix.

Prove that if the production function is differentiable and each factor is paid its physical marginal product, the entrepreneur makes neither profit nor loss.

Prove that if the production function has constant returns to scale (CRS) then the marginal products of factors depend only on factor proportions, not on output.

Prove Hotelling’s Lemma

Derive from the convexity of the profit function of a firm (Cowell is mistaken in stating that it is concave!) plus Hotelling’s Lemma that

–  supply is a non-decreasing, and generally an increasing, function of output price; 

– the unconditional demand for an input, when measured as a positive quantity, is a non-increasing, and generally a decreasing, function of the input own rental: there are no Giffen inputs.

Prove that the Cobb-Douglas production function q=xαyβ where α+β=1 has a unitary elasticity of substitution

Prove Shephard’s Lemma

Explain why the profit function does not always exist

Explain how the Envelope Theorem permits the derivation of Roy’s Identity.

The expenditure function of the standard Cobb-Douglas utility function u=xαyβ where α+β=1 is m = u(px/α)α(py/β)β. From first-year microeconomics it is known that the demand functions derived from the standard Cobb-Douglas utility function are x(px,py,m)=αm/px, y(px,py,m)=βm/py. Derive the indirect utility function from the expenditure function and show that indeed Roy’s Identity allows the correct derivation of the demand functions. 

Explain how the Slutsky equation can be used to argue that the possibility that an inferior good be a Giffen good is the more unlikely, the smaller the quantity bought of the good.

Use the Slutsky equation for the case of income deriving from given endowments, to explain that it is possible that the consumer’s demand for a normal good increases when the good’s price increases. 

Prove that EV(p→p’,m) = –CV(p’→p,m)

+Two goods, good 2 is residual income. The price of good 1 decreases. Show that 

a) if good 1 is inferior, then EV<SV<CV

b) il the marginal utility of income is constant, then EV=SV=CV.

+Explain why consumer demand on the market of good 1 satisfies the conditions for the existence of a Gorman representative consumer on that market if all consumers demanding the good have constant marginal utility of income, even when their demand functions for good 1 are different; indicate under what limitation this is true.

Prove the equality of number of equations and number of unknowns in the neoclassical general equilibrium of production and exchange. Clarify the role of Walras’ Law for this proof.

+Explain why the endowments of capital goods create problems for the validity of the theory of general equilibrium as a theory of what determines prices and quantities in market economies.

Explain how one could visualize a general equilibrium of production and exchange with CRS and complete divisibility of goods as actually a pure-exchange economy.

The exercises at the end of the handout Lecture on the supply-and-demand approach
Explain what is meant by a practically indeterminate equilibrium and why the mechanism of indirect factor substitution can be argued to make this case less likely.

+The lecture notes argue that “in the marginalist approach a wage fixed by socio-political elements is an impediment to the free working of competition (which would be able to determine the real wage by itself), in the classical authors it is on the contrary indispensable to the functioning of the economy and is accordingly viewed as an integral part of a market economy”. Explain.

In the marginalist or neoclassical approach “The study of consumer demand is important for its implications for factor demand.” Explain.
� The distance of line p∙x=m from the origin can be established as follows. Let L be the length of p, L=(p∙p)1/2, and let D be the distance of line p∙x=m from the origin; D is the length of the vector tp, projection of any x satisfying p∙x=m onto p, hence D=((tp)∙(tp))1/2=tL; choose the vector x colinear to p, then x=tp and p∙(tp)=m by assumption, so m=t(p∙p)=tL2, hence t=m/L2; therefore D=m/L is the oriented distance, negative if m<0 in which case it is the distance to be travelled in a direction opposite that of p. Exactly the same reasoning applies for hyperplanes of any dimension.   


� As an exercise, find the derivative of z(x)=ln (1/x), treating it as a function of function: z=ln y and y=1/x.   


� For example if z=xay1-a, it is ∂z/∂x=axa-1y1-a, and we can calculate ∂2z/∂x2=a(a-1)xa-2y1-a, � EMBED Equation.3  ���=a(1-a)xa-1y-a. 


� Thus the order of derivation is irrelevant. Exercise: check that for the function used in the previous footnote indeed it is � EMBED Equation.3  ���=� EMBED Equation.3  ��� .





� That in a point (x,y) a function z(x,y) has all partial derivatives does not suffice to guarantee that a plane tangent to the surface in that point does exist; its existence requires that the partial derivatives exist in a neighbourhood of (x,y) and are continuous in (x,y), but we have no time to make all this precise.


� That is, if f(x) is also defined for x*+ε and for x*-ε, for a sufficiently small positive ε. If for any ε however small one of the two variations from x* takes one out of the function’s domain (e.g. f(x) is defined only for nonnegative x, and x*=0), then x* is called a frontier value or an extremum value of the domain of f. 


� A form is a polynomial function where all terms (all addendums) have the same degree; a quadratic form is a polynomial function where all terms are of degree two.


� A matrix is negative definite if it has principal minors that alternate in sign, starting negative. 


� If the second term is only nonpositive, it might be zero, and then one would have to check the sign of the third term of the Taylor expansion; therefore a nonpositive second term is only a necessary, but not a sufficient, condition for x* to be a local maximum.


� That the Hessian be negative semidefinite at x* is a necessary condition for a maximum, but not sufficient (cf. the previous footnote); it only guarantees that the function is not convex, but it might have a saddle point at x*. Note that a negative definite Hessian is a sufficient but not a necessary condition for a function to be strictly concave: the function of one variable f(x)= –x4 is strictly concave at x=0 but its Hessian, that is, its second-order derivative, is zero there.


� There are several possible assumptions, called ‘constraint qualifications’, that ensure the constraint qualification condition is satisfied; if any one of them is satisfied then the constraints are compatible with condition (i), that is, do not prevent the gradient of the objective function at the optimum from being a linear combination of the gradients of those, of the constraint functions, whose Lagrange multipliers are not zero. Instances where the constraint qualification condition does not hold are very unusual but one, of some economic relevance, is mentioned later in the text. The constraint qualification perhaps with the greatest economic content is the rank constraint qualification, that requires that the gradients of the constraints binding at x* be linearly independent.  


� Actually there is also a Lagrange multiplier λ0 multiplying ∂f(x*)/∂xj, but it can be shown that, when the constraint qualification condition is satisfied, that multiplier is positive and can always be chosen equal to 1.


� Exercise: Prove it for the two-goods case.


� Local nonsatiation, that is, a positive marginal utility for at least one good, does not exclude that the sole direction or directions in which the consumer can increase her utility starting from her optimal choice be exactly along the budget constraint; but this can be so only initially, i.e. the path along which utility increases must immediately curve outwards away from the budget constraint, otherwise the optimal choice would not be in fact optimal; therefore an outward shift of the budget constraint necessarily permits reaching a higher indifference curve. 


� This is the case in the UMP if the constraint is written m–p1x1–p2x2≥0.


� The constraint function is ψ(x1,x2)=x2, so its gradient is (0,1); ∂ψ/∂x2=1>0.


� Note that as-gs(x) is concave, hence the name of the programming problem. In the consumer’s budget constraint, a is income and g(x)=∑pixi, so if the utility function is concave the theorem is applicable.


� If the second term is only nonpositive, it might be zero, and then one would have to check the sign of the third term of the Taylor expansion; therefore a nonpositive second term is only a necessary, but not a sufficient, condition for x* to be a local maximum.


� That the Hessian be negative semidefinite at x* is a necessary condition for a maximum, but not sufficient (cf. the previous footnote); it only guarantees that the function is not convex, but it might have a saddle point at x*. 


� If the problem is one of minimization, it suffices to multiply the maximand function by (–1) to obtain a maximization problem, to which this condition can be applied. For more on optimization see e.g. Beavis and Dobbs 1990 chs. 1, 2, and 4, or Dixit 1990.


� If the budget constraint must have the form g(∙) ≥ 0, then it must be formulated as m–p1x1–p2x2 ≥ 0. The reader can check that this is the version that generates first-order conditions implying λ>0. 


� Note that if f(x) is a decreasing quasiconcave function, the same result must hold because then level curves are concave.


� For confirmation that p1x1=αm, from p1x1/p2x2=(/(1-() obtain p2x2=(1-()p1x1/( and substitute into the share of x1 in income p1x1/(p1x1+p2x2). If one econometrically fits the logarithmic form, the coefficients α and 1–α are the shares of expenditure on each good.


� For a generalization of the definition to the n-goods case, cf. Blackorby and Russell (1989, p. ??).


� The minus sign is to get a generally positive value (but cf. the next footnote). Some authors do not add the minus sign in front of this expression, and thus define the elasticity of substitution as a negative quantity when with my definition it is positive.


� An ambiguity arises as to whether the change in x1/x2 should be determined by looking at the compensated demands, or at the Marshallian (or Walrasian) demands: in the latter case, the change in x1/x2 also depends on income effects (so the elasticity of substitution can be negative, even for normal goods: check graphically that it can happen!). In the study of production one assumes either a given output or constant returns to scale, so no ambiguity arises because there are no scale effects on input proportions, and the elasticity of substitution is always nonnegative; for consumers, the ambiguity only disappears with homothetic utility; otherwise the choice depends on the aim; if one wants to highlight the substitution effect alone, one must refer to compensated demand.


� Alternatively, note that it is |MRS|=(α/β)(x2/x1); put y=|MRS|, z=x1/x2, then z=f(y)=(α/β)/y, hence dz/dy=-(α/β)/y2. So d(x1/x2)/d|MRS|=-(α/β)/(|MRS|)2, from which one easily derives σ = 1.


� When the CES is a production function, L-shaped isoquants are called Leontief isoquants.


� .  Zero 'profits', in the marginalist sense of what is left of revenue after paying all costs including interest (gross of a risk allowance) on the capital employed.   The Classical authors did not include interest among the costs to be subtracted from revenue in order to obtain profits, so that in them the term 'profits' has a different meaning: the tendency to zero 'profits' in the marginalist sense is expressed by the Classical authors as the tendency of profits to become the normal ones i.e. to guarantee the normal 'rate of profits' (the same rate of return on the capital employed as in other industries - once account is taken of risk).  To avoid ambiguities, where necessary the neoclassical meaning will be conveyed through the term ‘extraprofits’.


� . The rental of a factor is the price of its services: the rental of land is its rent per acre, the rental of labour is its wage per labour unit, the rental of a capital good is what it can fetch if rented out.  The reason for this terminology is that in this way there is no risk of confusing the price to be paid e.g. for purchasing the property of a piece of land, with the price (the rent) to be paid for the right to use that land for a specified length of time.  It is the latter price, i.e. the price of the services of land, that the theory of income distribution tries to determine.  An analogous distinction is useful for capital goods; even when capital goods are bought, one can consider the purchase price as an act of saving, rewarded by the subsequent rentals earned by the capital good; the rate of interest, or of return, on capital results from the relationship of these rentals to the purchase price. Only for labour the distinction is unnecessary (except in societies where slavery is admitted). The standard theory of the competitive firm shows that a firm will tend to equalize the rental of each factor with its value marginal product.


� . The normal risk surcharge on top of the riskless rate of return will differ from industry to industry depending on the riskiness, unpredictability etc. of entrepreneurship in each industry. The usual assumption of a uniform rate of return neglects for simplicity these differences.


� The time required for the adjustment of quantities produced to demand can easily be considerable; in agriculture, where production is in yearly cycles, it may take several years. In such a time span the relative amounts in existence of all capital goods have ample time to tend toward those quantities that make their prices equal to their minimum average costs.


� For durable capital goods it is the rentals they earn, more than their production price, that enters the costs of the goods that utilize them, but the uniform rate of return establishes a strict connection between price and rental, in that the rental must guarantee the uniform rate of return over the investment consisting in the purchase of the durable capital good; so the apparent danger of circularity persists. We have no time here to discuss durable capital, we will only consider circulating capital goods that are used up and disappear in a single production cycle, like seed corn, or fuel, or parts to be assembled in a final product. 


� . The existence of technical choice does not alter this situation because the tendency to choose the cost-minimizing technique simply means that the relationship between rate of profits and real wage includes a choice of optimal technique.  More on this later.


� . Note e.g. Smith’s reference to the combinations of the masters for lowering wages possibly causing contrary combinations of workers, as one possible example of behaviour which, by contravening established conventions, causes a reaction by others, which may be disruptive.


� . Historical evidence confirms the enormous importance in the concrete behaviour of workers of notions of “a fair day’s wage for a fair day’s labour” (for recent evidence cf. the writings of Truman Bewley). Viewing the real wage level as reflecting, in every period, an explicit or implicit armistice or truce sheds light on the importance of the notion of fair wages, as well as on its meaning. An armistice is a pact which saves losses and suffering to both parties to the conflict by suspending active fighting; pacts must be honoured; honouring a pact is ‘fair’ i.e. correct behaviour; a fair wage is then simply the wage that workers must get if they work correctly, according to the truce signed by both parties; paying less would mean reneging on the armistice, and then workers too would not be bound to respect their side of the pact. So fair wages are not fair in the sense of reflecting some social justice of the resulting income distribution, but only in the sense that they correspond to the current truce, and must be paid if capitalists do not want a resumption of active conflict.


� . In more modern times, after decades of increases in the standard of living, in the industrialized countries a regular positive rate of increase of living standards may itself be part of what is customary, or of the social armistice; and its disappearance may accordingly cause social unrest. 


� . Cf. P. Garegnani, “Sraffa: Classical versus Marginalist Analysis” in K. Bharadwaj, B. Schefold eds., Essays on Piero Sraffa: Critical Perspectives on the Revival of Classical Theory, London: Routledge, 1992 (Ist. ed. Unwin and Hyman, 1990).


� This is the thesis that there is never a general insufficiency of aggregate demand because all savings always are translated into investments.


� . If one abandons the presumption of a significant negative elasticity of employment with respect to the real wage, then a stickiness of real wages in the face of unemployment becomes not only necessary in order to avoid absurd conclusions, but also easily understandable. If the level of employment is not significantly improved by real wage decreases, then it is only to be expected that historical experience will have taught workers that wage undercutting must be avoided. If the unemployed workers offer to work for less than the current wage, it suffices that the employed workers themselves accept the lower wage, and they will not be replaced by the unemployed, since labour turnover does imply at least some minimal costs. This is implicitly admitted also by the marginalist approach, where it is the increased demand for labour which will ensure that the lower wage gets the unemployed a job (in addition to the previously employed workers), not their ability to get hired in place of previously employed workers. But if the resulting lower real wage does not increase employment, the unemployed workers have gained nothing by offering themselves at a lower wage – they are still unemployed, and have only made the employed workers worse off (and themselves too, in so far as they receive support from the income of their employed relatives). No wonder, then, that popular culture should have developed a variety of ways ('fair wage' notions, a culture of solidarity, sanctions against strike breakers etc.) to spare new entrants into the ‘reserve army of the unemployed’ the need to learn through experience – a learning process which would greatly damage their fellow workers in the meanwhile – that wage undercutting brings no advantage to the unemployed even from a strictly selfish viewpoint. The resulting habits and social conventions are so strong that usually the thought does not occur at all to unemployed people, that they might try to replace already employed people by offering to accept a lower wage. The strength in this respect of social conventions and customs is often admitted even by neoclassical economists, e.g. by Marshall, Pigou and more recently by Solow (“On theories of unemployment” Am.Ec.Rev. 1980, and The labor market as a social institution, 1990) and by Truman Bewley (e.g. in European Economic Review, May 1998, 459-490). Solow (in the abovementioned book),  Hahn and Solow (A critical essay on modern macroeconomic theory, 1997) and De Francesco (“Norme sociali, rigidità dei salari e disoccupazione involontaria”, Economia Politica, Aprile 1993) attempt to explain such a behaviour as an optimal strategy, but the way the strategic situation is formalized appears to be in all three cases in need of improvement.


� . Cf. E. S. Levrero, “Some notes on wages and competition in labour markets”, forthcoming.


� Actually reducible to three by replacing the xi’s in equations (D) with the sums that determine them in equations (C), and then abolishing equations (C).


� Exercise: Walras’ Law states that, if the consumers’ budgets are balanced, then the algebraic sum of the exchange values of excess demands on all markets is zero; prove it for the present production economy (Hint: use the fact that firm profits are zero) and derive from it that one supply=demand equation can be abolished.


� . Exercise: Demonstrate this property.


� (The horizontal section of the labour demand curve is due to the realistic admission – implicit in the figure –  that the marginal product of labour, respectively of land, becomes zero and then negative if the employment of the factor is increased sufficiently.  This means that if the employment of labour is sufficiently decreased, the marginal product of land becomes zero and would become negative if the employment of labour were further reduced but the entire supply of land were utilized; it is then convenient not to employ the entire available supply of land, but only that part which renders the marginal product of land equal to zero, decreasing the employment of land in step with the employment of labour; the marginal product of labour is therefore constant in that range of labour employment, and equal to the average product of labour, the marginal product of land being zero.)


� . The usual procedure in the tâtonnement is to assume that consumers have an income equal to the value of the factors they supply. But this can only be legitimate in the hypothetical world of the auctioneer where demand intentions are hypothetical and only to be respected in equilibrium.  In the real world it is definitely more realistic to assume that only factor supplies which have found purchasers generate an income for their owners.  For example, only in this way can the neoclassical economist determine the situation generated by a real wage kept above its equilibrium level by law or by trade unions: the unemployed labourers, having no income, have no purchasing power, hence there is no excess demand on product markets, the economy behaves as if they did not exist.


� . It should be clear that an exactly symmetrical reasoning as for the derivation of the demand for labour applies to the derivation of the demand curve for land, assuming labour to be fully employed, e.g. assuming that it is labourers themselves who act as entrepreneurs, setting up co-operatives and hiring land. The product exhaustion theorem under constant returns to scale then ensures that income distribution will be the same whoever acts as an entrepreneur, the labourers, the landowners, or a third party who both hires labour and rents land and pays both factors their marginal products (remaining with no residue).


� . Knut Wicksell, the clearest marginalist author on the derivation of the decreasing demand curve for a factor, obtains the full employment of the other factor by assuming that its owners are themselves the entrepreneurs (Wicksell, Lectures on Political Economy, vol. I, pp. 110, 124); he omits to discuss the possibility of simultaneous unemployment of both factors when the entrepreneur is a third party.


� . Exercise: demonstrate it by derivation with respect to t of both sides of f(tx1,tx2)=tf(x1,x2) in t=1.


� . Exercise: demonstrate it.


� . It is this dependence of the labour-land proportion on relative factor prices that permits the derivation of the decreasing labour demand curve, if land employment is given, or the derivation of the decreasing land demand curve, if labour employment is given.


� And the distribution of the property of these endowments among consumers should appear in the third group of data; but it cannot, if the total endowments are not given, so I only concentrate on total endowments.


� The point is that the changes, for example, in labour supply (and hence in the marginal product of labour) due to population increase are very slow relative to the speed with which the composition of capital adapts to demand, and therefore one can neglect them when studying what determines normal prices and normal income distribution.


� But if, as is generally the case, the machines are of different ages and hence are gradually replaced as the oldest ones reach the end of their economic life, what will happen is that replacement will stop, so the quantity in existence will start decreasing very soon after the decrease in the demand for their product. 


� They attempted to measure the given capital endowment as an amount of value, but values, that is prices, are precisely what the equilibrium had to determine, so to take a value as given in order to determine values makes no sense. More on this in the Economic Analysis course or in my book mentioned in an earlier footnote.


� A presentation of intertemporal general equilibria, where goods are dated, and prices are discounted, is done in the Economic Analysis course. A very clear presentation is in E.Malinvaud, Lectures on Microeconomic Theory. The basic idea is that the goods appearing in the model of general equilibrium with production can be re-interpreted as dated goods, present and future goods, and prices can be re-interpreted as discounted prices. So consumers buy at the same time current and future goods, and for the future goods they pay now present prices that are the future prices discounted to the present. The formal equations remain unchanged, only their interpretation changes, but they must be intepreted as applying to a hypothetical world where there are complete future markets, that is, markets where one can buy to-day goods to be delivered in the future. Note that one is then obliged to imagine that future consumers not yet born must be present to-day to demand the goods they will want after they are born. How economic theory has found it possible to conceive of such a strange construction is a question discussed in the Economic Analysis course. 





_1289244834.unknown

_1327304003.unknown

_1336945119.unknown

_1350740805.unknown

_1350746565.unknown

_1350768374.unknown

_1350769174.unknown

_1350768148.unknown

_1350746519.unknown

_1336945263.unknown

_1328219067.unknown

_1336942827.unknown

_1328218922.unknown

_1327177423.unknown

_1327252970.unknown

_1327258836.unknown

_1327259567.unknown

_1327259614.unknown

_1327253363.unknown

_1327180674.unknown

_1327251427.unknown

_1320344468.unknown

_1326383411.unknown

_1326457047.unknown

_1326620965.unknown

_1327172822.unknown

_1326458430.unknown

_1326458825.unknown

_1326456756.unknown

_1326456948.unknown

_1326389782.unknown

_1326383339.unknown

_1326383384.unknown

_1326382825.unknown

_1326382853.unknown

_1320347464.unknown

_1291804422.unknown

_1317986536.unknown

_1319649516.unknown

_1320054622.unknown

_1317986567.unknown

_1316862766.unknown

_1316862998.unknown

_1295626243.unknown

_1291804409.unknown

_1283699248.unknown

_1283721389.unknown

_1286310736.unknown

_1286310829.unknown

_1286310806.unknown

_1283722031.unknown

_1286310718.unknown

_1283722000.unknown

_1283719467.unknown

_1283719554.unknown

_1283700297.unknown

_1283695877.unknown

_1283697542.unknown

_1283698736.unknown

_1283698829.unknown

_1283698639.unknown

_1283696208.unknown

_1283697397.unknown

_1283695954.unknown

_1064999398.unknown

_1065000471.unknown

_1192302730.unknown

_1232463692.unknown

_1283081347.unknown

_1128781592.unknown

_1065010160.unknown

_1065000255.unknown

_1065000318.unknown

_1064999838.unknown

_1064999105.unknown

_1064999266.unknown

_1064998584.unknown

