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Introduction

Measuring linear correlation among assets is crucial in financial
applications (e.g. Markovitz theory).

The last decade witnessed the advent of high-frequancy data.

High frequency data are very peculiar:
® Unevenly sampled
® Microstructure effects
® Huge quantity of data

New econometric techniques are needed!

|
January 2004 - p.2/18



Measuring linear correlation

We assume that p(t) € RY is the solution of the following stochastic
differential equation (SDE):

{ dp(t) = p(t)dt +o(t)dw (t)
p(0) =x

Standard techniques need interpolation of the data to get an evenly
spaced grid:

STn (X 7Y)t — Z (Xrn,mﬂ/\t — xTmm/\t) (YTn’m+1/\t _an,m/\t)

m>1
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The Fourier method

we adopt instead an estimator based on Fourier analysis. We define
the Fourier coefficients of the I-th component d p; in the usual way:

dhdp) = o= [ dpi)

adp) =+ [ " cos(kt)dpi(t), bi(dp) = / “sin(kt)dpi 1),

and similar formulas hold for ax(Zij),bk(Zij); from the Fourier

coefficients of 2jj, 2j; (t) can be obtained pointwise by the Fourier-Fejer
iInversion formula:

2] (t) = r|]I_>I’T(;lo : (1 — %) : [ak(Zij) cos(kt) + bk(Zij) sin(kt)] .
k=0
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Computing the coefficients

Theorem

ao(zy) = lim T 5 1 (dp)aldp) + bi(dp)bl(dp))

O\ 4| N_>OON—|_1_nOk:Zn02 k k k k

> ) = i n sl Gidmal (d (dp)al . (d
aq( 'J)_NI_rBON_i_l_nO k:noé (ak( p)ak+q( p)+ak( p)ak—l—q( p)_l_

b} (AP)b, o(dP) + b (dP)bl. o(dP))

bo(%ij) = lim > 5 (Adp)blig(dp) +al(dp)bl,q(dp)+

+bi(dP)ak, o(dp) + bl(dp)al,q(dp)
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Implementation

The coefficients of dp are computed via integration by parts:

ay(dpi) = %/Ozncos(kt)d pit) = PED PO X /Oznsi”(kt)pi (t)dt.

Tt Tt

In financial markets, p;i(t) is not observed continuously, but it is
unevenly sampled in the form of tick-by-tick observations,
Pi(tk),k=1,...,T. Thus, we need to make an assumption on the
Interpolation of prices when computing the integrals; we use

p(t) = p(t;) where t; is the largest observation time before t.

For all computations, we set hg = 1.
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Monte Carlo experiments

We simulate two correlated asset price diffusions with the bi-variate
continuous GARCH(1,1) model:

dpa(t) = ox(t)dxa(t),

dpa(t) = o2(t)dx2(t),

dof(t) = Asfon — 05 (t)]dt + v/2M16107 (1) dxs(1),
doz(t) = Az[wp — 05(t)]dt 4+ /220,035 (1) dx4(t),
corr(dxy,dx2) = p,

and all other correlations between Brownian motions
X1(t),X2(t),x3(t),X4(t) set to zero.

We extract observation times drawing the durations from an exponential
distribution with mean 60 seconds.
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Results

Generated correlation

Generated correlation

Estimator p=0.35 p=-—0.35
Measured Std Measured Std

Fourier 0.350 0.039 -0.349 0.039
Realized 5/, L.1. 0.204 0.058 -0.203 0.055
Realized 5, P.T. 0.181 0.060 -0.180 0.058
Realized 15/, L.I. 0.338 0.090 -0.337 0.090
Realized 15/, P.T. 0.329 0.091 -0.328 0.092
Realized 30/, L.I. 0.345 0.127 -0.344 0.126
Realized 30/, P.T. 0.342 0.127 -0.341 0.126
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Simulating high-frequency data

We want now to study the impact of two main features of high-frequency
data: the fact that intraday asset prices are recorded in form of tick-
by-tick transactions or quotes, which are unevenly spaced and whose
frequency depends on the liquidity of the asset, and the fact that corre-
lations may be lagged, due to different liquidity, economic significance or
recording effects. Using the Monte Carlo simulation, we should be able
to disentangle the impact of these two effects on correlation measure-
ments. We will then build four different simulated time series, introducing

asynchronous data and lagging.
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The Epps effect
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Data analysis

We analyze Italian and French stock index futures in the period
2001-2002 (11 millions trades).
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Volatilities
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The Epps effect

Correlation
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Distribution of correlations
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Time series
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A model for correlations:

When modeling correlations, a limitation is in the fact that |p| < 1. We

can overcome this difficulty, by using the transformed variable p = f(p)
according to the sigmoid function f(-):

f(x)= %Iog <g)

The model is then:

phb= ¢ + B t + 'y logor + a  P1+E&
1.24 0.77 0.74 0.27
(0.06) (0.15) (0.05) (0.05)
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A surprising galaxy

Correlation of 98 US stocks for 40 days:
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Conclusions

® The Fourier estimator is a promising tool for variance-covariance
matrix estimation

® We show that the Epps effect clearly displays
® The Epps effect looks “differential”

® Using realized covariances we can resort to standard
econometrich techniques

® \We provide evidence for persistence in correlations, as well as
linkage with volatility
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