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Abstract

The valuation of financial instruments in which both credit risk
and interest rate risk are taken into account is an outstanding task
for financial institutions. In this paper, we propose an affine-reduced
model to deal with this topic. We show that this model offers analyt-
ical tractability as well as richness and flexibility. We also show that
the parameters of the model can be estimated via maximum likelihood
in a straightforward way. To outline the procedure, we estimate the
model on Italian data, using zero-coupond bond and historical default

probabilities.



1 Introduction

Evaluating mortgage loans can be a challenging task for financial institutions
whose aim is to define risk management strategies. It is also a complex prob-
lem from both a theoretical and empirical point of view, when the valuation
takes into account interest rate risk and credit risk.

The literature on credit risk has followed two main directions (Ahn, Kha-
dem and Wilmott, 1998; Cooper and Martin, 1996). In the first one the event
of default is modeled as an endogenous process related to the value of the is-
suer firm. In the seminal paper by Merton (1974), the default can occur only
at debt maturity if the value of the firm is smaller than the nominal value of
debt. The valuation of risky debt is then obtained in an arbitrage free context
in which the spot rate is assumed to be constant. This approach has been
extended in numerous ways. For example, Brennan and Schwartz (1980) in-
cluded the possibility of a stochastic spot rate process, while Longstaff and
Schwartz (1995) considered the possibility that the default event can occur
at any time between the issue and the maturity. Anyway, this approach does
present various difficulties. At first, it is hard to define the value of the firm,
then it is very difficult to estimate the stochastic process of the value espe-
cially if the firm is not quoted in a regular stock exchange. From this point
of view, it may be very difficult to evaluate mortgage loans.

Starting out from these considerations, Duffie and Singleton (1999), pro-
posed a different approach for managing credit risk. In the so-called reduced
models, the default event is exogenous and it is modeled, in general, as the
first jump of a Poisson process (Lando, 1997; Jarrow, Lando and Turnbull,
1997; Nielsen and Ronn, 1997; Duffee, 1999). Such models are constructed
in a framework which is naturally arbitrage free, and we will show in the fol-
lowing that they are more flexible and appropriate to value mortgage loans.

Following therefore the reduced approach, we propose a model for eval-
uating mortgage loans, as well as credit risk sensitive instruments, in which
both interest rate risk and credit risk are taken into account. Such a model
is characterized by the fact that the event of default is modeled as the first
jump of a Poisson process with intensity A(t), the instantaneous probability

of default. The dynamics of the state variables, namely the spot rate r(t)



and the instantaneous probability of default A(t), is described by a two-factor
affine model where the spot rate process is chosen according to the celebrated
Cox, Ingersoll and Ross model (1985a,b) for the valuation of risk-free bonds.
The choice of a two-factor affine model is motivated by the fact that it of-
fers a very interesting compromise between mathematical tractability and
financial meaning, thus offering a good starting point for the empirical anal-
ysis (Duffie and Kan, 1996). Moreover, following the approach proposed by
Singleton (2001), the estimate of affine models can be done by maximum
likelihood, i.e. in the most efficient way.

In the second part of the paper, this estimation technique has been used
to illustrate an application of the model for valuing mortgage loans in the
Italian market. We propose therefore an estimate of the model on Italian
data, namely on time series of three months BOT prices and default proba-
bilities of bank loans for different economic sectors. It is important to note
that our estimation technique differs substantially from the main stream of
the literature in this field. Typically, credit risk models are estimated on cor-
porate bond yield spreads, see e.g. Duffee (1999). By estimating our model
directly on default probabilities, we illustrate a procedure which could be
useful for estimating models for bank loans to different economic sectors, or
geographical areas, or internal rating classes. Banks do have historical data
on default probabilities in different classes, and could aim to use these data
to estimate their credit risk model. This is again possible thanks to the affine
structure of the proposed model.

The remainder of the paper is organized as follows. In section 2, the
model is presented and discussed. Section 3 provides a brief description of
the estimation technique used in Section 4 to determine the parameters of

the model. Finally, some comments conclude the paper.

2 The model

Let us denote by 7 the stopping time at which default occurs, and by v(t,T)
the value at time t (¢t < 7) of a defaultable zero coupon which pays one unit
of money in T. If we assume that in the market there are not arbitrage

opportunities, i.e. there exists a risk neutral probability Q equivalent to the



probability of nature P under which the bond price is a martingale, then the
value of the bond will be given by,

U(t, T) = Etg e LTr(u)du1{7—>T} +e I T(u)dung{TST}] ) (1)

where F ; denotes expectation conditional on information at time ¢, 14 de-
notes the indicator function of the set A and 6, is the so-called recovery
rate, i.e. the amount (typically smaller than unity) which is recovered in the
event of default. Clearly, one needs to make assumptions on the distribu-
tion of 7 and €, to specify the model. We will therefore adopt the following

assumptions.

Assumption 1 The default time 7 is the time of the first jump of a Poisson
process with intensity A(t) under P.

The intensity A(t) of a Poisson process will be called the instantaneous prob-
ability of default, since A(¢)dt is the probability to jump, then to default,
between time ¢ and t + dt. Consequently, the probability not to default
between time ¢ and 7" will be given by,

P(t,T)=ET [e— I Ms)ﬂ . 2)

We choose a time-dependent probability of default, since the hypothesis of a
constant intensity, which is adopted for instance in Demchak (2000), seems

too restrictive to us; moreover, it is not empirically confirmed.
Assumption 2 The recovery rate is proportional to the value of the bond,
0. =[1—L(r)]o(r",T). (3)

The quantity L(t) is the fraction of the debt which gets lost and will be called
fractional loss.

Under the above assumptions Duffie and Singleton (1999) proved the

o(t,T) = E [exp (- /t ' R(s)ds)] , (4)

following result,



where R(t) = r(t)+A*(t) L(t) and A\*(¢) denotes the instantaneous probability
of default under the risk-neutral probability!.

This result tells us that discounted (at rate R(t)) prices of defaultable zero
coupon bonds are martingales under the probability measure Q and that the
valuation formula for a defaultable claim is the same as in the no-default
case, upon augmenting the spot rate with a spread given by the product
of the risk-neutral intensity and the fractional loss®’. We make therefore
an assumption regarding the instantaneous probability of default under the
equivalent martingale measure Q, assuming that it is proportional to the

instantaneous probability of default under P:

Assumption 3 The intensity process under Q is proportional to that under
P,
A*(t) = kEA(). (5)

We can interpret k as the market price of risk for default risk (Blauer and
Wilmott, 1997; Duffie and Singleton, 1999). We will also adopt the following,

Assumption 4 The process governing the fractional loss is a constant in-
dependent of time, L(t) = L.

In such a case we get,
R(t) = r(t) + kLA(t), (6)

and as a consequence, we cannot identify &£ and L separately, but only the
product kL. One can than avoid the complicated problem of estimating the
recovery rate L, concentrating himself on the estimate of kL.

In our model, the crucial quantities are the spot rate r(¢) and the instan-
taneous probability of default A(¢). We will model these quantities via the
following stochastic processes;

Assumption 5

dr(t) = ay —rt)] dt + o/r(t)dw,(t) (7)
dA(t) = a[b— A(t) + cr(t)] dt + si/A(t)dwx(t).

'If an intensity process is defined under P, then there exists an intensity process under

any equivalent measure, see Artzner and Delbaen (1995).
2Starting out from these considerations, Duffie and Singleton (1999) propose to directly

model R(t) instead of 7(t) when managing credit risk.



where dw, (t), dw,(t) are independent Brownian motions under the probability

P.

The process of the spot rate r(¢) is chosen according to the well known
CIR model (Cox, Ingersoll and Ross, 1985a,b). The process of the instanta-
neous probability of default ) is characterized by mean reversion, square root
diffusion and correlation with 7 in the long-run mean. We force ¢ to be non-
negative, since we expect that default probabilities increase with the interest
rate level. In the affine model classification of Dai and Singleton (2000), this
is a (maximal) Ay, model®. For default-free valuation, the model coincides
with the celebrated Cox-Ingersoll-Ross model.

When passing from the probability P to the risk neutral probability Q,
we have to include the market prices of risk; we will follow Cox, Ingersoll and
Ross (1985a,b); Consiglio and Mari (2001) by choosing,

Assumption 6 The market prices of risk are of the form,
'S — 8
¢ =_Vr (8)
7 =1VA (9)

where ™ and n are assumed to be constant.

In the hypothesis that the price of a defaultable zero coupon bond is a smooth
function of the dynamical variables v(¢,T) = v(¢,r(t), A(¢); T') *, the solution
of equation (1) can be obtained by solving the following partial differential
equation of the parabolic type,

v+ [a(y = 7) + 7r]v, + 30%Tv + [a(b — A+ cr) + A oa+

10
+2s2 v, = (7 + kL), (10)

subject to the boundary condition v(T,r(T), A(T); T) = 1.

3A similar model has already been proposed by Blauer and Wilmott (1997) for the
valuation of Latin American Brady bonds. In Duffee (1999) a similar model is estimated
on corporate bonds, using the two-factor model of Pearson and Sun (1994) for the spot

rate process.
4By smooth function in this context we mean a continuously differentiable function of

its arguments, once with respect to time ¢, twice with respect to r and A



The solution can be easily determined and can be cast in the following

exponential-affine form,
v(t,r, A T) = exp[A(t, T) — B(t, T)r(t) — C(¢, T)A(®)], (11)
where A, B, C' are solutions of the system of ordinary differential equations,

A'(t,T) =ayB(t,T) + abC(t,T),
B'(t,T) = (o — m)B(t,T) + 30°B*(t,T) — acC(t,T) — 1, (12)
C'(t,T) = (a —n)C(t,T) + 35*°C*(t,T) — kL,

with the boundary conditions,
A(T,T) =0, B(T,T) =0, C(T,T) =0. (13)

Solving a system of ordinary differential equation is a simple numerical task;
algorithms like Runge-Kutta allow fast and arbitrarily accurate solution, so
we will not distinguish between analytical and numerical solution of first
order differential equations. We notice that the third equation in (12) is a

Riccati equation which can be solved exactly, obtaining,

2k L[et (1=t — 1]

t,T) =
Ct,T) (@a—n—+d)[ehTD —1] +2d,’

(14)

where

di = +/(a —n)? + 2s2kL. (15)

Within this framework, it is also simple to compute the spreads on the yields
due to credit risk. Denoting the yield to maturity by,

_ logw(t,T)
from (11) we have,
and the spreads due to credit risk are given by,
Ay, T)=y(t,T) —yo(t,T) =
{Ao(t,T) — A(t, T) +r[B(t,T) — Bo(t, T)] + A\C(t, T)} (18)

Tt
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being ¥y, v as in the CIR model,

_ Inw(t,T)

Wt T) =~ 19)
Uo(tv T) = €exp [Ao(ta T) - r(t)BO(ta T)] ) (20)

with ( |

20 2del@—m+d) T3

At T) = 0—] log ((a — 71 +d) [edTH) — 1] + 2d> ’ (21)

2 [edT1) —1]
Bolb 1) = (o e — 1] 24 (22
d=+/(a — )2+ 202. (23)

Finally, we point out that the valuation of a loan can simply be achieved by
linearity. Denoting in fact by R = {Ry, Ry, - -, R, } the cash-flow payments
at times {t1, %o, - -, t; }, then under the assumption of proportional recovery

we get,
V(ta R) = Z Rkv(t, tk)a (24)
k

where v(t, tx) is the price at time ¢ of a defaultable zero coupon with maturity
te.

3 Evaluating the transition density via the

characteristic function

In a recent paper, Singleton (2001) proposed to use the characteristic function
to estimate the transition probability density of a stochastic process. Given
an RY-valued Markov stochastic process X (t), its characteristic function is
defined by,

ox,(u;t,T) = E 2 [e™XT] . (25)
where u € RY. The characteristic function is the Fourier transform of the
transition probability density, so that the latter can be obtained via the
inversion formula,

F(XealX) = = [ Refe " ot (u)] du (26)

™ N
+



where Rf is the set of all vectors with non-negative components.
In the affine model developed so far, the characteristic function can be
written in the exponential-affine form (Duffie, Pan and Singleton, 2000),

(p(ula U2, T, )‘7 t: T) = €X(t,T)+ﬂl ®T)r(Ey+6a (t’T))\(t)’ (27)

where x, 31 e By solve the complex-valued system of ordinary differential

equations,

Xl(ta T) = —Ck’)/ﬁl (t’ T) - abﬁQ(ta T)a
ﬁi(t’ T) = aﬁl(ta T) - acﬁZ(ta T) - %02ﬁ12(ta T), (28)
ﬂé(ta T) = a’ﬁ2(t, T) - 58253(@ T)a

with the boundary conditions,
X(T, T) = 0, ﬂl(Ta T) = iul, /BQ(T, T) = iUQ. (29)

From the probability density and 7"+ 1 observations of X}, one can extract

the log-likelihood,
T

log £=") log f(Xe41|Xy) (30)

t=1
or, for example, infer measure of riskiness of its financial position (Value at
Risk). In this context, this issue has been assessed by Duffie and Pan (2001).
Example of this estimation technique can be found in Singleton (2001), who
fits a CIR model on simulated data, in Mari and Reno (2002), on an extended
version of the CIR model which accounts for arbitrary initial term structure,
and in Das (1998), in a model in which a constant intensity process is used

to model jumps in the interest rate process.

4 Estimating the model on Italian data

In this section we illustrate an application of our model, estimating it on
Italian data, namely on default rates of bank loans for different economic
sectors. The problem of modeling bank loans is an outstanding topic, since
one has to deal with very different regulatory frameworks across countries.

We will refer to a stylized context, in which a bank grants debts and observes

9



defaults. We will show that in the framework described in this paper, it is
relatively easy to estimate the parameters of the proposed model.

Suppose that the observation set consists of N observation (v;, P;) at
equally spaced times t;, 1 = 1,..., N, where v; is the price of a default-free
bond with a given, fixed time to maturity (e.g. Treasury Bills) and P; is
the observed probability of receiving back the debt in a given time window
(1 — P; is the default probability); both these variables are easily observed
in the operative practice. In our framework, the value of a default-free bond
with time to maturity 7 — ¢ is given by (20), while the probability P(¢,T)
of meeting the obligation between time ¢ and T is given by (2); then P(t,7T)

can again be written in the exponential-affine form,

P(1.T) = ALT) + Bit, T)r(t) + Ba(t, TIA(E) (31)

where A, By, B, satisfy the following system of ordinary differential equations,

A'(t,T) = —ayB:(t,T) — abBy(t,T)
BI(t,T) = aB,(t,T) — acBy(t,T) — 162 BY(t, 1) (32)
Bi(t,T) = aBy(t,T) — 35°B3(t,T) + 1

with boundary conditions,
A(T,T)=0, B{(T,T)=0, By(T,T) =0 (33)

Again, thanks to the affine form of the model we are able to compute P(t,T)
via a system of ordinary differential equations.

Since we do not observe directly r, A we cannot use formula (26) to find the
transition probability density. On the other hand, our model is formulated
in terms of 7, A, so that the solution for the characteristic function (27) is
easily expressed in the variables r, \. We can circumvent this difficulty by a

simple change of variable. Denoting by,
q(t;) = logv;, (34)

from equations (20),(31) it is clear that ¢,p are affine functions of r, A, so

that it is simple to write down the characteristic function of ¢, p given that

10



TABLE 1: Summary statistics of the default probabilities over a time horizon
of one month, for the different economic sectors considered.

Economic Sector Mean Default Probability =~ Variance
Insurance Companies 0.0054900 0.0000014
Financial Companies 0.028519  0.000058
Individual Enterprises 0.1927 0.0016
Consumer Families 0.13086 0.00010
Public Administration 0.005442  0.000015
Not Financial Companies 0.116547  0.000065
of r, A,
gp(ulaU’?’q(tl)’p(tZ)) = (36)
ei[ule(t’T)+u2A(t’T)]QD(—B()Ul -+ B1U2, BQU,Q, T(ti), )\(tz))
From (36) we can compute the transition probability density,
f [q z+1 H—l ‘C] ) (tz)] =
(37)

dul/ duy Re {etmattiv)ruartion)ly (yy uy, q(t;),p(t:)) }

then maximum likelihood can proceed via usual algorithms. A practical
difficulty of this procedure is given by the computation of the two-dimensional
integral in (37), which is computational intensive also using usual quadrature
techniques (Gauss-Legendre).

We estimated our model on Italian data; we used zero coupon bond prices
and default probabilities. The zero coupon bond used are the three-months
BOT, which are issued by the Bank of Italy every two weeks via auction.
The default probabilities are inferred by the data collected monthly by the
Bank of Italy; these are computed on a one-month period and are divided
by economic sector. For both the time series we use monthly data from
October 1995 to December 1999 for a total of 51 observations. Table 1 offers
a summary statistics of default probabilities and Figure 1 displays their time
evolution.

Estimation is achieved in two steps; at first we estimate the CIR model

using only the BOT data, thus inferring the parameters «,~,o,7. In the
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FIGURE 1: Time evolution of the default probabilities in the sample, computed
on a one-month period, for different economic sectors.

simple case of the CIR diffusion, the characteristic function can be written
in a closed form, see Singleton (2001). Results are provided in Table 2; we
remark that we are able to estimate the market price of risk, since the risk-
free bond prices carry information on both the risk-neutral and the nature
probability.

In the second step, we estimate the diffusion parameters of the instan-
taneous probability of default on the joint set of bond prices and default
probabilities®. In this case we cannot estimate the risk-neutral parameters 7
and kL, since the default probability 1 — P(t,T') is computed in the probabil-
ity of nature only. For the estimate of 7, kL one should resort to risk-neutral
evaluated financial instruments, such as defaultable bonds or credit deriva-
tives. Results for the different economic sectors are given in Table 3.

To better focus on the economic relevance of our estimates, Table 4 re-

ports the prices of a defaultable zero coupon bond with time to maturity

5For the Individual Enterprises we employed only the first 32 observations, because of
the abrupt change which occurs thereafter, see Figure 1.
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TABLE 2: Parameter estimates of the CIR model, obtained with the method
described in the text, on 181 observations of the three-months BOT (two ob-
servations per month), from 1994 to 2001. Standard errors are estimated by
diag(v/—H-1), where H is the Hessian as computed by numerical derivatives.

L = 396.53

Parameter Estimate Standard Error
Q 0.106 (0.023)

0 0.021 (0.006)

o 0.0607 (0.0059)

s 0.01 (0.18)

TABLE 3: Parameter estimates of the model, obtained via maximum likelihood
on 51 observations of the monthly default probabilities for different economic
sectors, from October 1995 to December 1999. Standard errors are estimated
by diag(~/—H=1), where H is the Hessian, and are reported in parenthesis.

Parameter Insurance Consumer Financial Individual Not Financial Public
Companies Families Companies  Enterprises Companies Administration

L/T 11.1202 7.2507 7.7454 7.9525 6.7162 9.7287
a 0.83 0.088 0.05 0.269 0.246 0.079
(0.23) (0.002) (0.33) (0.012) (0.049) (0.006)

b 0.0026 0.357 0.307 1.14 0.53 0.038
(0.0005) (0.072) (0.010) (0.10) (0.11) (0.012)

s 0.119 0.181 0.230 0.176 0.141 0.083
(0.042) (0.049) (0.052) (0.034) (0.028) (0.005)

c 0.100 0.115 0.475 1.49 0.089 0.88
(0.019) (0.023) (0.077) (0.30) (0.018) (0.12)

13



TABLE 4: Defaultable zero-coupon bond prices with principal equal to one and
time to maturity one year, computed with the parameter values in Table 3, for
different values of kL. We also report the yield to maturity (16) and the spread
over the risk-free rate (18).

Economic Sector 1-year bond price yield (%) spread (%)
Default-Free 0.9789 2.12 0
Insurance Companies 0.9785 2.17 0.05
Consumer Families 0.9443 5.72 3.60
Financial Companies 0.9484 5.30 3.18
Public Administration 0.9735 2.69 0.57
Not Financial Companies 0.9282 7.45 5.33
Individual Enterprises 0.8711 13.80 11.68

equal to one year, computed via (11) with the parameters estimates in Table
3 and setting kL = 0.1,7 = 0,7(0) = 0.025, \(0) = b + ¢y. For less risky
sectors, like Public Administration or Insurance Companies, the spread over
the risk-free rate ranges from 5 to about 60 basis points; this spread can
be as high as nearly 14% for risky sectors as Individual Enterprises. This
result is not surprising, since economic sectors which experienced higher de-
fault probabilities are expected to be charged with a higher spread. Similar
results on yield spreads are found in the different rating classes for corporate
bonds, see e.g. Crouhy, Galai and Mark (2000).

The term structure of defaultable bond yields is reported in Figure 2;
the effect of modeling defaults is not only to increase the level of the mean

structure, but also to modify the steepness of the yield curve.

5 Concluding remarks

In this paper we proposed an affine-reduced model for managing credit risk;
this model can be used for evaluating credit risk sensitive bonds, as well as
credit derivatives. In particular, it is well suited to the valuation of mortgage
loans, a topic which is quite neglected in the financial literature. We pro-

vided estimation methods via maximum likelihood which makes use of easily
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FIGURE 2: Term structure of defaultable bond yields for different economic
sectors.

observable variables, such as risk-free bond prices and default probabilities.
We illustrated these results by estimating the model on Italian data.

Our results can, in principle, be extended in numerous ways. First of all
the risk-free model specification can be extended in the affine class, following
e.g. Dai and Singleton (2000) or Jeffrey (1995) to account for the observed
initial term structure. Second, many assumptions could be relaxed; for ex-
ample, when extending the model for the term structure, we can also extend
the specification of market prices of risk (Dai and Singleton, 2001); moreover
correlations in the Brownian motions could be introduced. Finally the EMM
method of Gallant and Tauchen (1996), which is less computational inten-
sive, but which can be as efficient as maximum likelihood, can be employed

for the estimation and to provide diagnostics of the model specification.
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