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Abstract

This letter introduces nonparametric estimators of the drift and diffusion coefficient
of stochastic volatility models which exploit techniques for estimating integrated
volatility with high-frequency data. The performance of the proposed estimators is
assessed on simulations of two popular stochastic volatility models.
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1 Introduction

In this letter we propose nonparametric estimators for stochastic volatility
models of the type,

dXt = µ(Xt)dt + σtdW1,t

dσ2
t = m(σ2

t )dt + Λ(σ2
t )dW2,t,

(1)

that is, estimators of the functions m(·), Λ2(·), based on a partially observed
variable Xt, which consists of n equally spaced observations in an interval
[0, T ]. 2 dW1 and dW2 are possibly correlated Brownian motions. Such models
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are routinely adopted in finance to model stock prices, stock indexes, currency
prices and the short term interest rate. Typically, stochastic volatility models
are empirically found to outperform constant volatility models. Standard ref-
erences are Hull and White (1987) and Andersen and Lund (1997) for stock
prices and interest rates respectively, but these are only an extract from a very
large quantity of literature. Ghysels et al. (1996) review stochastic volatility
models.

The typical approach to stochastic volatility models is to parametrically spec-
ify the drift m(·) and the diffusion Λ(·). Two popular examples are the affine
Heston (1993) model, and the GARCH continuous time model studied, among
others, by Drost and Werker (1996).

The purpose of this letter is to propose a nonparametric method for estimating
the real functions m(·) and Λ2(·), and to provide preliminary evidence, via
simulation, of the reliability of the method. We introduce the estimators in
Section 2 and describe our simulation experiments in Section 3. Conclusions
and possible directions for future work are outlined in Section 4

2 The proposed estimators

Nonparametric estimation has been worked out for single-factor models of the
type:

dXt = µ(Xt)dt + σ(Xt)dWt. (2)

Florens-Zmirou (1993) and Jiang and Knight (1997) provide estimators of the
diffusion coefficient σ(·); see also Stanton (1997). An extension has recently
been provided by Bandi and Phillips (2003), who estimate the drift coefficient
as well.

While nonparametric estimators are interesting in themselves, despite some
practical issues like the choice of the bandwidth parameter and the small-
sample biases (Pritsker, 1998; Chapman and Pearson, 2000), one important
limitation is that they have been studied for single-factor models only. In
practice, it is well known that single-factor models are too naive, both for
stock prices and spot rate modeling. Motivated by this consideration, in this
work we adopt nonparametric techniques, building on the work of Florens-
Zmirou (1993) and Bandi and Phillips (2003), to estimate stochastic volatility
models of the type (1).

The idea is the following. If we could observe the process σ2
t , then the results

on nonparametric estimation of univariate diffusions would yield suitable esti-
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mators. We then replace σ2
t , which is unobservable, with a consistent estimator

of it. The proposed estimators are:

m̂HF (x) =

n
n−1
∑

i=0

K

(

σ̃2
iT/n − x

hn,T

)

(σ̃2
(i+1)T/n − σ̃2

iT/n)

T
n−1
∑

i=0

K

(

σ̃2
iT/n − x

hn,T

) , (3)

Λ̂2
HF (x) =

n
n−1
∑

i=0

K

(

σ̃2
iT/n − x

hn,T

)

(σ̃2
(i+1)T/n − σ̃2

iT/n)2

T
n−1
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i=0

K

(

σ̃2
iT/n − x

hn,T

) , (4)

where K(·) is a kernel 3 , hn,T is a bandwidth parameter, and we define σ̃2
t as:

σ̃2
t =

1

∆−

n,T + ∆+
n,T

t+∆+

n,T
∫

t−∆−

n,T

σ2(s)ds, (5)

where ∆±

n,T vanish when n, T → ∞. By the almost sure continuity of σ(t), we
know indeed that, as n, T → ∞, almost surely σ̃2

t → σ2
t . Here, the subscript

HF stands for high frequency, since the advantage of this procedure is that a
consistent estimate of the integrated volatility σ̃2

t can be achieved with high
frequency data. The most popular estimator for the integrated volatility is
realized volatility, see Andersen et al. (2003). There are also many alternatives
for estimating the integrated volatility: see Andersen et al. (2003) for a review.

Thus, we want to use a combination of daily and high frequency data. We
then implement our estimators on simulated time series.

3 Performance on simulated data

To check the reliability of the proposed estimators, we test them on simulated
time series of the GARCH(1,1) continuous-time model (Drost and Werker,
1996), using the parameters estimated in Andersen and Bollerslev (1998) on
currency rates, and the Heston (1993) diffusion model, using the parameters
obtained by Jones (2003) on stock index prices. Both models have a linear

3 A kernel is a symmetric real function which integrates to one and is such that
∫

x2K(x) < ∞.
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drift,
m(σ2) = k(ω − σ2),

while the variance is:

Λ(σ2) = ησ2 (GARCH)

Λ(σ2) = η
√

σ2 (HESTON),
(6)

where k, ω, η are positive constants. We simulate the GARCH and Heston dif-
fusion models by a second-order Euler discretization scheme, then we compute
the estimators (3),(4) on simulated paths. To estimate the integrated volatility
on each day, we use realized volatility on a grid of m intraday observations.
We use the following bandwidth:

hn,T = hs · σ̂ · n−
1

5 , (7)

where hs is a real constant set equal to 1.06, and σ̂ is the sample standard de-
viation of realized volatilities. We use ∆+

n,T = 0, ∆−

n,T = T/n and the Gaussian
kernel.

Figure 1 shows the results for the estimation of the variance for the Heston
and GARCH models, for m = 432, while Figure 2 shows the estimation of the
drift for the GARCH model only. The figures show that the estimators are
capable of reconstructing the generated drift and diffusion functions.

3.1 Small sample bias correction

When the number of intraday observations m is smaller, a bias is introduced
in the estimation of the diffusion coefficient, due to the fact that the integrated
volatility is measured with an error. We can improve the performance of our es-
timator, in small samples, in the following way. We are using (σ̃2

(i+1)T/n−σ̃2
iT/n)2

as an estimator of the local variance. This is asymptotically consistent, but
in small samples it is correct only if the drift is zero. For interest rate mod-
els, the drift is very small when compared to the diffusion part; for stochastic
volatility, the drift is very large as widely documented by the presence of het-
eroskedasticity; see e.g. Bollerslev et al. (1992, 1994). To correct the estimator,
instead of (4), we can use:

Λ̂2
HF,correct(x) =

n
n−1
∑

i=0

K

(

σ̃2
iT/n − x

hn,T

)

∆σ2

T
n−1
∑

i=0

K

(

σ̃2
iT/n − x

hn,T

) , (8)

4



where

∆σ2 =
(

σ̃2
(i+1)T/n − σ̃2

iT/n −
T

n
m̂HF

(

σ̃2
iT/n

)

)2

. (9)

The benefit of this correction is illustrated in Figure 3, with m = 288.

4 Conclusions and directions for future work

In this letter we propose, to our knowledge for the first time, recipes to non-
parametrically estimate the drift and the diffusion coefficient of a stochas-
tic volatility model. The proposed estimators are devised by borrowing from
the theory of nonparametric estimation of univariate processes, and from the
econometric literature on estimating quadratic variation with high-frequency
data. Evidence on simulated data shows that the proposed estimators are able
to reproduce the drift and the diffusion coefficients of the generated models.

The results briefly presented in this letter are encouraging, but they are also
preliminary in many respects. First, we can extend the estimators to allow
for jumps in the equation driving the observable variable, as well as to esti-
mate leverage when the observable variable and the latent volatility factor are
correlated. Second, the choice of the bandwidth parameter can be refined, for
example using automated techniques instead of the simple rule of thumb (7)
adopted here. Finally, technical conditions for convergence should be worked
out, paying particular attention to the conditions on the convergence rate of
∆±

n,T in (5) and the possibility of holding T fixed when estimating Λ2(·). Once
this program has been completed, the methodology can be used in many po-
tential applications, such as option pricing and hedging and model validation.
Research on this topic is in progress.
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Fig. 1. Shows the estimate (dots) on simulated data of the diffusion coefficient
Λ2(σ2) compared to the generated models (solid line). The dashed lines are 95 %
confidence bands. Top: generated model is GARCH. Bottom: generated model is
Heston. Results are obtained with 1, 000 replications.

Fig. 2. Shows the estimate (dots) on simulated data of the drift function m(σ2)
compared to the generated GARCH model (solid line).
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Fig. 3. Top: shows the estimated diffusion coefficient on simulated data according
to the GARCH model with no correction. Bottom: shows the estimated diffusion
coefficient computed according to the correction (9).
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