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Abstract. It has been recently shown in the literature that the use of high fre-
quency data allows very precise estimates of the daily integrated volatility for a
continuous time stochastic process. A good forecasting model for daily integrated
volatility is crucial for VaR estimates. Traditional models regard volatility as a la-
tent factor; in this paper we model it as an observable quantity through an AR(n)
model estimated by ordinary least squares. In spite of its simplicity, this model
performs better than traditional models (GARCH(1,1) and Riskmetrics).

1 Introduction

The role played by volatility in most financial applications is crucial, expe-
cially in risk management, where Value at Risk (VaR) estimates are manda-
tory for regulatory reasons and asset allocation decisions.

In the recent years, literature focused on the role of integrated volatility,
see [1,6,7]; the importance of integrated daily volatility in VaR applications
relies on two facts. First of all, it has been shown that it is possible to measure
it by using intra~-day data with very good precision, see [1,8,9], paralleling the
use of daily returns in computing monthly volatility, see [21-23]. Second, em-
pirical studies ([4,12]) showed that the distribution of returns divided by the
square root of the integrated volatility can be well approximated by a Gaus-
sian distribution with zero mean and variance equal to one. This fact means
that VaR estimates are linked to integrated volatility forecasting, since the
quantiles of the return distribution can be extracted by a Gaussian distribu-
tion with zero mean and variance given by the integrated volatility.

On the other hand, persistence properties displayed by volatility sug-
gest that daily volatility can be forecasted with reliable precision. Typically,
volatility models regard it as a latent factor which drives asset prices-returns
(ARCH, GARCH models). This is the approach followed also in [10], where
high frequency data are used to estimate the dynamical model for latent
volatility (FIGARCH model) and to compute VaR.

In this paper, we will model directly the integrated volatility as an observ-
able quantity through a simple AR(n) model. A similar approach has been
proposed by [14] and [5] in a multivariate setting. The main difference is pro-
vided by the computation method of the integrated volatility. In the above
papers, integrated volatility is computed by using an equally spaced high
frequency time series (typically five minute returns) as the sum of squared
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intraday logarithmic returns. Our procedure instead is based on the Fourier
analysis methodology proposed in [17].

We will compare the performance of this model to that of the GARCH(1,1)
model and to that of the Riskmetrics model proposed in [16], which is very
popular among practitioners. We will show that, though the AR(n) is quite
simple, it performs better than traditional models in forecasting daily volatil-
ity. Our findings suggest that constructing directly a model for volatility
based on the measurements of daily integrated volatility, instead of modeling
volatility as a latent factor, can be a profitable idea.

The remainder of the paper is organized as follows: Section 2 describes
the method to compute daily volatility and the three models we are going
to compare; Section 3 presents the results of the comparison and Section 4
concludes.

2 Measuring daily volatility

In what follows, we will deal with univariate diffusion processes of the kind:
dp(t) = o(t)dW (t) + u(t)dt, (1)

where W (t) is a Brownian motion, u(t), o(t) are allowed to be random time
dependent functions. Our task is to measure and forecast the so-called inte-
grated volatility, defined as

t+1
o= [ s 2)
t

being one day the time unit. Recently the importance of using intra-day data
in order to measure (2) has been repeatedly stressed. In [1] it is shown that
using the sum of five-minute squared returns as a volatility estimate, much
better results are obtained than using the simple daily squared return. This
method has been employed to measure daily volatility of exchange rate time
series ([2,4,19]), stock prices ([3]) and index future prices ([18]). On the same
topic, see also [11,12].

In this paper, instead of the 5-minutes cumulative squared returns, we will
use the integrated volatility estimator proposed in [17] which has been studied
in [8,9] where it is shown that it performs better than the estimator proposed
in [1]. Here we recall briefly how this volatility estimator is constructed; the
interested reader is referred to [17] for details. We normalize the time window
[0,T] where the time series is observed to [0,27]. We compute the Fourier
coefficients of dp:
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In [17, Theorem 1.2] it is shown that the Fourier coefficients of o%(¢) can be
computed by means of the Fourier coefficients of dp according to
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then classical results of Fourier theory allows us to reconstruct o2(t) Vt €
[0,27] by the Fourier-Féjer inversion formula:

n

o%(t) = lim Z(l - S) - (ar,(0%) cos(kt) + by, (o) sin(kt)). (7
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k=0
Integrating (7) between 0 and 27 we obtain our integrated volatility estima-
tor:

/0 i o?(t)dt = 2mag(0?). (8)

Given a time series of N, not necessarily evenly sampled, observations (¢;, p(t;)),
i=1,...N, we will compute the integrals in (3) through integration by parts:

ax(dp) = = / 7 cos(kt)dp(t) = P& —P(O) K / " n(kt)p(t)dt.  (9)
0 0

™ ™ ™
To implement the method, we need an assumption on how data are connected.
Our choice is p(t) equal to p(¢;) in the interval [¢;,t;41] (piecewise constant).
Then, the integral in (9) in the interval [t;, ¢;11] becomes
k tig1 k tit1

sin(kt)p(t)dt = p(t:)
™ ti ™ ti

sin(kt)dt = p(ti)% (cos(kt;)—cos(ktit1)).
(10)
The smallest wavelength that can be evaluated is twice the smallest distance
between two consecutive prices; in the case of equally spaced data, it will
correspond to k = N/2 (Nyquist frequency). In the computation of (4) we
could be tempted to stop the expansion at N/2. However, as shown in [§],
microstructure effects, mostly due to a negative short-lived autocorrelation
in the price returns (see [13,24]) prevents us to include the largest frequen-
cies. The choice of the frequency at which to stop the expansion (4) is largely
an empirical matter. The most appealing feature of this method is that it
employs all the tick-by-tick observations in the integrated volatility compu-
tation. This allows to increase the precision in the estimate of (2) with respect
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to the sum of squared intraday returns proposed by [1], see [8]. Moreover, we
completely avoid measurement biases due to an aggregating procedure of the
data, see [9].

The distribution of returns divided by the square root of the daily inte-
grated volatility can be well approximated by a Gaussian with zero mean and
variance equal to one, as shown in the empirical studies in [4,12]. Than the
problem of extracting the quantiles of the return distribution, i.e. the problem
of calculating VaR, amounts to providing a good forecast of the integrated
volatility.

Being able to measure daily volatility with good precision, we will try to
model integrated volatility as an observed quantity, instead of a latent factor
as in GARCH models. We will try with the simplest possible model for the
time evolution of the integrated volatility, i.e. an AR(n) model:

&t =U(2) +Za,~&fﬂ-+6t (11)
i=1
with E [e;] = 0, E [¢?] = X2. The parameters o3, X%, a1,...,a, can be esti-

mated by ordinary least squares (OLS) and 67 is measured by the integrated
volatility estimator in (8). We will use (11) to forecast future volatility.

We will compare this very simple volatility forecasting model with two
models largely used by practitioners, the GARCH(1,1) model, where future
volatility is estimated as:

&t2+1:¢+a‘7"t2+,8‘&§a (12)

where r(t) = p(t) — p(t — 1) is the daily return, and the model used by Risk-
Metrics [16], which estimates the future volatility as a sum of past realizations
with exponentially declining weights:

A2 _ =0 i=0
Opy1 = M=

M-1 ] M1 2
Z A (rt_i - Z Tt—i)
1

where A = 0.94.

Other authors try to model the integrated volatility, measuring it via
the sum of squared intraday returns. In [14] it is found that a EMA-HAR
model for the integrated volatility performs better than Riskmetrics. In [5]
a tri-variate vector auto-regression (VAR), which incorporates long memory
effects, is fitted on the DM-$ and Y-$ foreign exchange time-series. These
authors choose a polynomial of lag 5, and find that this model performs
largely better than GARCH(1,1) and Riskmetrics.
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3 Results

The data set under study in this paper is the one-year collection of bid-
ask quotes of the Deutshche Mark-U.S. Dollar and Japanese Yen-U.S. Dollar
exchange rates, as they appeared on the Reuters screen from October, 1%¢
1992 to September, 30" 1993. Each quote comes with a time stamp rounded
to the nearest even second. We define a trading day to start and end 21.00
GMT; the foreign exchange market is active 24 hours per day. We excluded
weekends and days with few activity due to main holidays, see [13]. This
data set has been recorded and provided by Olsen & Associates, and has been
extensively studied, see for example [20,15]. For any quote, we define the price
to be the mid-price between the bid and the ask price. In the expansion (4)
we use n as in [8], i.e. n = 500 for the DM-$ time series and n = 160 for the
Y-$ time series. We discard days in which the observations are less than 1000
and 320 respectively; we end up with 258 daily volatility measurements for
the DM-$ time series and 259 for the Y-$ time series. We divide our samples
in 160 days for in-sample model estimate and the remainder for out-of-sample
comparison.

Table 1 shows the OLS in-sample estimates of model (11), together with
standard errors, the in-sample R? and the R? adjusted for degrees of freedom.
For the model (12) we use the estimates given in [1], i.e. ¢ = 0.022,a =
0.068, 3 = 0.898 for the DM-$ time series and ¢ = 0.026,« = 0.104, 3 = 0.844
for the Y-$ time series. For the model (13) we will use M = 160, i.e. the largest
M at our disposal.

Table 2 compares the forecasting performance. In spite of its simplicity,
model (11) performs considerably better than (12) and (13). For the DM-$
time series, it is already true with n = 1; however, by increasing the order
of the auto-regressive model, we find better results. We interpret this finding
as an evidence of long-memory effects in the volatility evolution. For the Y-$
time series it is necessary to employ n = 2, while the best result is obtained
with n = 5. Figure 1 and 2 show the comparison between the integrated
out-of-sample volatilities and the forecasts of the three models for the two
exchange rate time series. Also visual inspection confirms that the simple
AR(1), AR(2) model does a good job in tracking the volatility time series.
We interpret the results of our simple exercise as a confirmation that the use
of high frequency data in measuring volatility, and directly modeling the in-
tegrated volatility dynamics, can substantially improve volatility forecasting,
thus Value at Risk estimates.

4 Conclusions and acknowledgements

The importance of volatility measuring in risk management is increasing.
Providing a good forecasting model for daily integrated volatility is essential
in calculating reliable VaR estimates. Recently, it has been shown that the use
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Table 1. OLS in-sample estimates and R* of model (11) for the two time series.
Between parenthesis, we report the standard error and the R? adjusted by the
degrees of freedom.

Model FX o, a1 a Qs Qu as  |R? (R3y))
AR(1)DM-§| 0209 0.728 0.245

( 0.048) ( 0.051) (0.245)
AR(2)DM-$| 0.225 0.575 0.122 0.246

(0.047) ( 0.075) ( 0.072) (0.242)
AR(3 ) DM-§| 0.194 0.541 -0.018 0.209 0.240

( 0.050) ( 0.079) ( 0.086) ( 0.072) (0.230 )
AR(4)DM-$| 0.159 0.487 0.007 0.064 0.215 0.248

( 0.051) ( 0.079) ( 0.088) ( 0.084) ( 0.072) (0.233)

AR(5)DM-$| 0.152 0461 -0.004 0.068 0.158 0.096 | 0.250
( 0.053) ( 0.082) ( 0.088) ( 0.088) ( 0.084) ( 0.074)| (0.231 )

AR(1) Y-$ | 0.299 0.381 0.150
( 0.043) ( 0.074) (0.150 )
AR(2) Y-$ | 0216 0276 0.267 0.217
( 0.048) (0.077) ( 0.077) (0.212)
AR(3) Y-$ | 0204 0272 0252 0.047 0.219
( 0.051) ( 0.081) ( 0.080) ( 0.080) (0.209 )
AR(4) Y-$|0.192 0264 0250 0.032 0.052 0.221
( 0.054) ( 0.081) ( 0.084) ( 0.083) ( 0.080) (0.206 )

AR(5) Y-$ | 0.188 0.262 0.248 0.030 0.046 0.023 | 0.222
( 0.056) ( 0.082) ( 0.085) ( 0.087) ( 0.084) ( 0.081)| (0.201 )

of high frequency data allows to measure daily integrated volatility with high
precision. This suggests that, instead of using models in which the volatility
is a latent factor, like for example GARCH(1,1), one can try to model directly
the dynamics of integrated volatility.

In this paper we tried to build a simple forecasting AR(n) model for
integrated volatility, estimated by OLS, and we showed that it performs con-
siderably better than traditional models. We conclude that modeling directly
integrated volatility, measured by high frequency data, can be a promising
direction for risk management.

The authors wish to acknowledge Olsen & Associates for providing us the
data set under study.
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Fig. 1. Out-of-sample measured integrated volatility for the DM-$ time series (solid
line) together with the forecast (dashed line) of the GARCH(1,1) model (top),
Riskmetrics (center) and AR(1) model (bottom).
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Fig. 2. Out-of-sample measured integrated volatility for the Y-$ time series (solid
line) together with the forecast (dashed line) of the GARCH(1,1) model (top),
Riskmetrics (center) and AR(2) model (bottom).
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